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CERTAIN GROUPS OF MOTIONS IN 3-SPACE 
OF CONSTANT CURVATURE 


By A. G. WALKER (Liverpool) 
[Received 28 December 1939] 


1. Introduction. The complete group G, of motions in a Rieman- 
nian 3-space S, of constant curvature has been considered by H. P. 
tobertson,} who also discussed certain sub-groups of G,. His results, 
when applied to space with positive definite metric, show that there 
are only two invariant transitive three-parameter sub-groups, these 
being reciprocal, and that they are real only when the curvature 
of S, is positive, excluding the trivial case when the curvature is 
zero. A transitive three-parameter sub-group occurs in relativistic 
cosmology,{ and, since it has not been possible up to the present to 
discard one sign of curvature in favour of the other, it is of some 
interest to consider sub-groups when the curvature is negative, 
although they are not then invariant. The implications of non- 
invariance will be discussed later. 

We shall proceed therefore to find all the real transitive three- 
parameter sub-groups of G,. Standard notation will be used as far 
as possible, and known results in Riemannian geometry§ and group 
theory|| will be quoted without detailed explanation. A summation 
convention will be used, where a repeated suffix implies summation 
regardless of the positions of the suffixes: thus a,b,, a, 6%, ab all 
denote sums. All unprimed suffixes take values 1, 2, 3 except 0, ¢, % 
which refer to G, and take values 1, 2,..., 6. Primed suffixes take 
values 4, 5, 6, and are related to the unprimed suffixes thus: 
\’ = A+3; the summation convention applies regardless of the 
primes, thus a,b* denotes a, b*+-a, b®+-a, b®. 

2. Coordinates x‘ can be chosen so that the metric, taken to be 
positive definite, of a Riemannian 3-space S; of constant curvature 
K becomes : dixidxt 

de? = - (r? = az“). (1) 
(+}Krp 


If K > 0, the x’s can take all values, and, if K < 0, the x’s must 


+ Annals of Math. (2), 33 (1932), 496-521. 
t A. G. Walker, Proc. London Math. Soc. (2), 46 (1940), 113-54. 
§ See Eisenhart, Riemannian Geometry (Princeton, 1926). 


*| See Eisenhart, Continuous Groups of Transformations (Princeton, 1933). 
3695.11 G 
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satisfy r? < —4/K. With these coordinates Robertson has shownt 

that the vectors of the group G, of motions in S, can be taken to be 
ni. = (1—}K7")8,+ 3 Kaix* (ax = 1, 2, 3), (2) 
nie = Cia (a’ = 4, 5, 6), 

where e;,;, is zero if two suffixes are equal and is +1 according as 

(ijk) is an even or odd permutation of (123). The constants of 


iia al ae ee ° os 
structure of G, are Ybub? where 


k i — a a -1.2 ; 
14, Nb. — Ny Tan = Yes ng (6, $ = 1, 2...-, 6), (3) 
a point denoting partial differentiation. Substituting from (2), we 
find s 
Yop = 0, Yap = —Ke, xB? 
€ a ey — 
Yay = —Ceap> Tot! = 0, (4) 
€ _— < — 
Ten = 0, Kf ls —€, xB > 
amnins -onsts : hej ive r nf yo 
the remaining constants being given by Tati = 0. 

Each vector 7 generates a one-parameter sub-group of G, and it 
is easily verified that a vector 7, («a = 1, 2, 3) generates motions in 
S; equivalent to translations, and a vector », (a’ = 4, 5, 6) generates 
rotations about the origin a‘ = 0. The three vectors 7, are, in fact, 
the vectors of the intransitive group of rotations, but the three 
vectors 7), are not the vectors of a three-parameter group, since 
Vig ~ 0. 

3. If €) (« = 1, 2, 3) are the vectors of a sub-group G3, they are 

Te ’ 5 3 . 
linear combinations, with constant coefficients, of the vectors 7}, and, 
if G, is transitive, then the vectors 7), must occur independently. It 
can therefore be assumed without loss of generality that the para- 
meters of G, are chosen so that the vectors are given by 

‘Ge er E 
& Nat ty n> (é ) 
where the ¢’s are constants to be determined. 

The equations to be satisfied by €, in order that they shall be the 
vectors of a group are 

— aie eo 

gee, —thel, = Ospel, 
where the C’s are some constants, the constants of structure for the 
group. Substituting from (5), (3), (4), these equations lead to linear 
relations between 7). It is, however, known that the vectors of a 


+ Loe. cit. 512. I have written y!, for Robertson’s £'. 
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group are linearly independent (constant coefficients) whence, equat- 
ing to zero the coefficients of y¢ and 7i,, we find 

Cyp == tr Crap—thecaps (6) 
te ‘xp = = —¢ alge vu — Keyap- (6’) 
Substituting from (6) in (6’), multiplying through by 3e,,, and 
summing for « and f, we finally have, after changing suffixes, 
tz B+ 05 —t§ t+ Kd = 0, (7) 
where B is the cofactor of ¢% in the determinant |e |. These, then, 
are the equations to be satisfied by #2. 


4. The general solution of (7) can be found by noting that the 
form of these equations is unaltered by an orthogonal transformation 
is = py 7 pb, where the p’s are constants satisfying 


PL PS = Pepe = 83, = | pg| = 1. 
The equations for the 7’s become 
7% Bb +7B —T e7Tpt Kop =@ (8) 
and we can choose the p’s so that the symmetric part of (/g) trans- 
forms into the simple form with only diagonal terms. The skew- 
symmetric part remains skew-symmetric under the transformation, 
and.we may therefore assume for (73) the form 
Ti = T1, 7 = Te, 73 = Ts; 
73 = —7r3 = 4, 7r3 = —7} = 8,, ri = —1t} = 4. 
Substituting in (8) we find that 
7,9; =@ (¢ + §), 
T.T3 = T3T1 = TT? = 624+ 62+-63+-K, 
and there are thus three cases to be considered: 
(I) 6, = 6, = 6, = 0, = 7, = 7, = +H}; 
(II) 6, = 0, = +r, = 1, = 0, 6, = +(—K)!, 
where 7 is arbitrary, and two other similar solutions: 
(IIT) ™ =T, = 7; = 90, 624-634 63 = —K, 
In case (III) a further orthogonal transformation can be found to 
reduce this to case (II) with ts = 0. Thus (I) and (II) cover all pos- 
sibilities. We see at once that, for real sub-groups, (I) applies only 
when K > 0, and (II) only when K < 0, neglecting the case K = 0. 
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Returning now to ¢ from 7 by a general orthogonal transforma- 
tion, we have 

(I) t= 4 Kidz, (9) 

(IT) G= —(—K)tate,,g+7a%aP, (10) 


where 7, a* are arbitrary subject to a‘a* = 1. A change of sign of 
the square root in (II) is equivalent to reversing a*, so that we can 
fix the sign as indicated without loss of generality. 

When K > 0 (I), there are two possible groups, with vectors 

& = mat Ktny, (11) 
and from (6) the constants of structure for each are 

Cp = — 2€.48- 
It can be verified that these groups are invariant; they are, in fact, 
the sub-groups given by Robertson, and we have shown that there 
are no other real transitive three-parameter sub-groups. 

When K < 0 (II), there are many sub-groups, each being charac- 
terized by a unit vector a* and a number 7. The absence of spherical 
symmetry due to the vector a* shows that these sub-groups are not 
invariant, the transformations of G, not belonging to each sub-group 
being those of the rotation group. The sub-groups found here are, 
however, of some interest in relativity and perhaps also in geometry, 
and a study of them will occupy the greater part of the remainder 
of this paper. 

Substituting from (10) in (6), we find that the constants of 
structure for G, are 

Crp = (—K)#(a%8§—a¥5§) +-7(a*ae).g—€eap): (12) 

It may be of interest to mention that when 7 = 0, any two linear 

combinations of the three vectors £4 are vectors of a two-parameter 

group, which is, of course, a sub-group of G,. This fact can easily 

be verified, for an equation similar to (3) is satisfied by such vectors 
as a consequence of (12). 

5. The connexion coefficients for the group G, are defined by 
Mp = ER; (Ena t Si Ak; = 9), (13) 
where €% is the normalized cofactor of €* in | €|. It is well known 


that the equations ti, +tAt, = (14) 


for the vector ¢‘ are completely integrable, giving three independent 
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vector solutions. A vector field {‘(x) is fixed by an arbitrary vector 
(C‘)y at one point, say the origin O (x = 0), so that a triad f(z) is 
fixed by an arbitrary triad (C'), at O. 

The vectors f) are well known as the fundamental vectors of a 
distant parallelism in S,, and they form a base at each point of the 
space. The base at a point serves to fix the orientation of the 
coordinate system with that point as origin, e.g. coordinates may be 
defined so that the base vectors at a point give the parametric 
directions at that point, now the origin. Thus the complete solution 
of (14) gives the orientation at each point of the space when the 
orientation at one particular point is specified. The significance of 
the field of solutions is that the transformation relating the two 
coordinate systems determined by the bases at any two points 
belongs to the group G4. 

We shall call any solution of (14) a base vector, and talk of the 
vector field derived from a vector \' at O, meaning the field f*(a) 
determined by *(0) = 2°. 

The paths of the group G, are the curves given by the equations 


d2zt | Ai dx! dx* _ 

dee ' *d0 dd 
where @ is a parameter, and from (13) and (14) these equations admit 
two first integrals 


0, (15) 


. dx* ; 
— age i] st =— g@',. 16 
pei, (ii) Fort (16) 


dat 


dé 


(i) 


where p%, g@ are arbitrary constants. 

From (i) we have that each path is the path of a one-parameter 
sub-group; it is possible to choose bases on a curve in S; so that the 
resulting coordinate systems are related by transformations of a 
group G,, a sub-group of G,, only if the curve is one of the above 
paths. A member of G, corresponds to a value of the parameter @, 
and, when two transformations are combined, the parameters are 
added. 

From (ii) we have that the same curves are also the paths defined 
by the fields of base vectors. Each vector field gives a set of paths 
covering Sj, and we talk of the paths derived from a vector 4‘ at O 
meaning those given by da‘/d@ = C(x), where £*(0) = A’. 

It is known that, if g,; is the fundamental tensor of S, and if 
ti, Cj are any two base vectors, then g;; Ci {, is constant over the field. 


i 
-a@? > 
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In particular, the magnitude of each base vector is constant, whence 
it follows from (ii) that the parameter @ is proportional to the arc 
distance along the path. 

We shall now proceed to calculate the coefficients Aj,, and the base 
vectors, and to determine also the paths in most cases. 

6. (I) (K > 0). Considering the group where € = {+ Kini, it 
can be verified that the covariant vectors ? are 

ey = (14 }Kr%)-*44, 

and from (13) we find that 


Aj, = Ti,+K#(1+}Kr?)“le,,,, (17) 


where Ij, are the Christoffel symbols calculated from the metric (1). 
Substituting in (13), it is at once seen that the equations for f* are 
similar to (13) for €, but with the sign of K! changed. We can there- 


fore write ; i rh 
‘ _ 7, —K*ny. ' (18) 


It is known that the base vectors are the vectors of another group, 
said to be reciprocal to the first group. In the present case, there- 
fore, each of the two sub-groups of G, is the reciprocal of the other, 
as found by Robertson. 

As remarked in §5, the vectors ¢', determine at each point of S, 
the orientation of the base fixed by the group under consideration. 
The orientation of the base at a point P can be conveniently com-. 
pared with that at O by displacing the base at O by ‘parallel trans- 
port’ (Levi-Civita) from O to P. If Q is a point, of coordinates dz‘, 
near O and if 4! is a base vector at O, then the parallel vector at Q 
is also, to the first order, A‘, since T'},, = 0 at O. From (18) and (2) 
the base vector at Q is A‘+ Kie;,,/da*, which can be obtained from 
\' by a rotation Kids about OQ. Finally, integrating along a geodesic 
OP, we have that, if O, P are any two points, then the base at P is 
obtained from the base at O by first rotating the latter through the 
angle K's about the geodesic OP and then displacing it by parallel 
transport along this geodesic, s being the geodesic distance OP. 

When (17) is substituted in (15), these equations become 


d2xt ; dai dak 
doz | * do do 


Thus the paths are geodesics in S;, the parameter being proportional 
to the arc as shown generally in § 5. 
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7. (II) (K < 0). In this case the constant unit vector a* appears, 
and we could, if desired, refer to the particular coordinate system 
for which a1 = 1, a? = a? = 0. It is, I believe, easier, however, to 
retain a* and refer to an unrestricted coordinate system. 
We shall write k = 2(—K)-}, and 
Xt = z'+ka', B® = XX‘, 
9 
At = —(aX)Xt—a‘. 
ex) 


Then, from (5), (10), (2), the vectors of the group are 
& = k-*( RB, —2x*X*)+-70%,y, aX, 
and it can be shown that the covariant vectors are 
i f,. es ee ra 
— 2 | 9»yi V a2, AY 
f= pelt (IG) CrXs—MrAeya xn)}. 
Hence the connexion coefficients are 
5) 


sa \-1/2 
Ai, = paEX+ 8X) +(1 i) ( Bat trea AAs) 


aS k2 k2 ? 


2\-1/9 
Niet (1 2 e) (4 Ai—8,, A!) +76; AMAt (20) 


k?2 k 

When dealing with base vectors it is convenient to refer to the 
flat space 2, with coordinates x‘ and metric dx'dx'. A contravariant 
vector A’ in S, then corresponds to a Euclidean vector 1 with com- 
ponents (1—r?/k?)—1(A}, A?,A8).. The magnitude and direction of A‘ 
in S, are given correctly by the magnitude (I*)! and direction of 1 in 
E,, and the inner product (g;;A‘y’) of two vectors in S, is given by 
the scalar product in Z,. The base vector in E£, corresponding to ¢* 
is given by 2 /].2\— ‘ 

Z = (1—r?/k*) (0, f°, C9). (21) 

We shall now write 

a = (a!, a?, a), r= (z',2*, 2°), 
R = (X*, X*, FZ), A = (4', A*, A*), 


whence, from (19), 


9 
R = r-+ka, A= Fa (2 R)R—a. (22) 


Since a? = 1, it follows that A2 = 1. From (14), (20), (21) it can 
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now be shown that the base vectors are given by the total dif- 
ferential equation 

r2 


9 
dz = 72x (dRxR) +1 


)(A-dR)A x z. (23) 


We know this equation is completely integrable, and that the scalar 
product of any two solutions is constant. 

8. In discussing equation (23) the first thing to note is that z = A 
is a particular solution. This can easily be verified and appears again 
in §9 since 7 does not affect this solution. At O, r=0 and A 
becomes a, so that the vector field A is derived from the base vector 
a at O. 

The expression for A in terms of R and a shows that the direction 
of A is found by reflecting a in R. Hence the vector field A in E, 
consists of the tangents to all the circles which pass through the 
point —ka and touch the line joining this point to O. These circles 
are therefore the paths determined by the base vector a at O. 

The point —ka in Ey, i.e. the point —ka‘ in S;, plays an important 
part in the geometrical study of the group G. It lies on the boundary 
r? = k? and may be regarded as the same geometric point wherever 
the origin is taken. We shall refer to it as the point J. 

The particular path through O is the line JO in £3, and this corre- 
sponds in S, to the geodesic 2‘ oc a‘, through O. Since O is a typical 
point of S,, it follows that all the paths derived from the base vector 
a‘ at O are geodesics. 

All the above circles in E£, are orthogonal to the spheres through 
I with centres on JO. The paths derived from a‘ at O are thus the 
orthogonal trajectories (in #, and S,) of the family of surfaces 
R? = Aa-R, A being a parameter. 

9. We shall now find the general solution of (23) with 7 = 0, 
i.e. the equation ‘ 


> 
da = 5,2 (RXR). (24) 


We find 


whence, substituting in (24), 


z-R z‘R z:R 
iz = 2 IR + 2d = 2 g 
dz Re dR a( PR \R a( PR? R) 
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9 
Hence 2 = ja@’ RIR—y, 
where y is constant, and, by taking the scalar product with R, 
z-R= y°R, giving 


Z= ial -R)R—y, (25) 


where y is an arbitrary constant vector. This, then, is the general 
solution. When y = a, we have the previous solution z = A. 

To find the vector field derived from a unit base vector c at O, 

we write r = 0, Zz = c, and find 

y = 2(c-a)a—c. (26) 
Thus, in 2, y is the reflection of ¢ in a, and z at the point r is the 
reflection of y in R. It follows that the vector field derived from 
c at O consists of the tangents to all the circles in Z, which pass 
through J and whose tangents at J are in the direction y, the reflec- 
tion of c in a. These circles are therefore the paths derived from 
the base vector c at O. They are orthogonal to the spheres through 
I and with centres on the line through J in the direction y, so that, 
in £, and S,, these paths are the orthogonal trajectories of the family 
of surfaces R? = Ay-R. 

We can see at once that, except in the case c = a considered in § 8, 
the paths are not geodesics in S,. All geodesics through O in S, are 
straight lines in £,, and the path from J to O is a straight line only 
when c = a. The conclusion follows since O is a typical point. The 
base vectors of a field are, however, parallel (Levi-Civita) in S, along 
the particular paths derived from a, for from (14) the condition for 
this is (Aj,—T',,)A* = 0, which is satisfied when + = 0, as can be 
seen from the alternative form in (20). 

The space S, corresponds in F, to the inside of the sphere r? = k?, 
and each path is, in 2, a circle which cuts the boundary at J and 
one other point, the path being that part of the circle inside the 
boundary. Although each path is associated with a group G,, we 
can see that the boundary is never reached by finite combinations 
in the group, for the parameter of the group is additive. This para- 
meter is proportional to the arcual distance along the path, and the 
are tends to infinity as the boundary is approached. 

The orientation of the base at P can be compared with that at 
O, as in §6, by comparing at P the base there with the base at O 
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displaced by parallel transport along the geodesic from O to P. By 
the method used in § 6 it can be shown that, if the base at O is rotated 
through an angle @ about an axis in the direction ad, where d is 
the direction of the geodesic OP, « the angle between a and d, s the 
geodesic distance OP, andt 


cot 36 = cot «+ cosec a coth e. 
then the base so obtained coincides with that at P when displaced 
by parallel transport along the geodesic from O to P. 

We observe that there is no rotation when passing from O along 
the geodesic in the direction a, and that the angle of rotation is 
simply 2tan-1(tanhs/k) along a geodesic orthogonal to a at O. The 
orientation at P can, if desired, be studied by travelling from O to 
P first along a geodesic orthogonal to a at O, and then along one 
of the paths derived from a at VU. 

The bases throughout S, obtained by displacing the base at O by 
parallel transport along all the geodesics through O are familiar in 
that they are given by the standard Lorentz transformations, applied 
to another coordinate system suitable for space of negative curva- 
ture.{ It is usual to consider only transformations in which the 
origin moves along a geodesic in S, and the ‘axes’ are not ‘rotated’, 
and these certainly form a group G, which is a sub-group of G,. If, 
however, this is done for all geodesics through a fixed point O, the 
three-parameter set of transformations so obtained do not form a 
group as one might assume; some rotation is necessary after each 
transport if the new bases are required to belong to a group. 

10. Returning now to (23) with any value of 7, we shall consider 
at each point the triad A, B, C, where A is the vector already defined 
and B, C are the solutions of (24) derived from vectors b, c at O 
such that a, b, c form a right-handed orthogonal set of unit vectors. 
Then A, B, C also form a right-handed orthogonal set of unit 
vectors at each point. Since A is known to satisfy (23), it follows 
that any solution derived from a vector orthogonal to a at O will 
be orthogonal to A, whence the solution of (23) derived from the 
vector b at O will be given by 

z = Bcos¢+Csin¢, 


+ More simply, 36 is the angle between the vectors a and R. 
t A. G. Walker, loc. cit., § 8. 
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where ¢ is a function of x‘ and ¢ = 0 when 2‘ = 0. Substituting in 
(23) and remembering that 


2 
dB = RP * (dR xR), 
and similarly for C, and that Ax B = C, etc., we find 
r2\-1 
dd = (1-5) A-dr. 


Finally, from (19), this equation can be integrated to give 


$= ied lorie i} (27) 


[t can be verified that ¢ is constant over any one of the spheres 
orthogonal to the paths derived from a at O (see §8). These spheres 
are geodesic parallels in S;, and we find 


o = 78, (28) 


where s is the geodesic distance from the sphere through O to the 
sphere through P, the point under consideration. 

The above solution, together with the solution A, are sufficient, 
for we know that the vector field derived from c at O is given by 
Ax (Bcos¢+Csin¢), ie. Ccos$—Bsing. Any other vector field 
can be expressed in terms of the three particular solutions found 
above. The base at P when 7 + 0 is obtained by first finding the 
base when 7 = 0 and rotating it through the above angle ¢ about A. 

The paths when 7 + 0, except those already considered, are too 
complicated to be considered here; they will be mentioned again 
later. 

11. Since the paths when 7 = 0 are circles through J, the geo- 
metrical figure will be simplified by inversion with respect to a sphere 
with centre at J. In order to leave the origin and all directions at 
the origin unaltered, we shall consider the conformal transformation 
given by inversion with respect to the sphere with centre J and 
radius k, followed by reflection in the plane through O perpendicular 
to OI. If, then, «*' are the coordinates of the point corresponding 
to x’, and r* denotes (2*!, a**, 2**), the transformation from (x) to 


(x*) is found to be ke 
r* = mlrt+e -a) (29) 
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and the reverse transformation is 


a2 *2 
r= ml -> } R* = r*—ka. 


k 
The metric (1) of S, becomes under the transformation 
(dr*)? 


= ° 
( k r*) 


7 = : (31) 


This form, which still shows the space of constant curvature as con- 
formal to flat space, is known} but little used. For most purposes 
it has the disadvantages that it applies only to space of negative 
curvature and that the coordinate system does not display spherical 
symmetry about the origin, there being a preferential direction. The 


latter, as we have seen, is required for the study of sub-groups when 
the curvature is negative, and the above coordinate system simplifies 
the problem considerably. We may add, however, that it is con- 
sidered worth while in the general problem to refer to the symmetric 
coordinates at first, since it is then easier to see exactly how pre- 
ferential directions arise and enter into the results. 

In dealing with the new coordinate system, it is convenient to 
refer to the flat space EZ}, of metric (dr*)?, which is thus conformal 
to S; and #,. ‘The boundary r? = k? transforms to become the surface 

a-r* = hk, (32) 
and the boundary in Hf consists of this plane and the plane at 
infinity. The space S;, corresponding to the inside of the sphere 
r? = k? in E;, now corresponds to that part of H¥ which is on the 
same side of the above plane as the origin, i.e. where a-r* < $k. 

12. In §9 it was shown that, when + = 0, the paths derived from 
the base vector c at O are, in #,, circles through J, the direction at 
I being the reflection of c in a. After inverting and reflecting as in 
$11, these circles become straight lines in the direction c, whence 
in E¥ the paths derived from c at O are straight lines in the direction 
c. In particular, whatever the value of 7, the paths derived from a 
are the lines in the direction a, i.e. perpendicular to the bounding 
plane. 

It follows from the above property that the vectors A, B, C at 

+ Eisenhart, Riemannian Geometry, § 27. The present metric is given by 
e=la=0,3o=1,5; = —ak. 
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a point P in #,, occurring in § 10, correspond, in EZ}, to the constant 
vectors a, b, c from which they were derived. Hence, when +r + 0, 
the vector field derived from b at O is bcos¢+-csin ¢, where ¢, given 
by (27), can now be written 


¢= — kr log(1—Za-r*), (33) 


This angle is still given by (28), where s is now the geodesic distance 
(in S,) between the planes through O and P parallel to the bounding 
plane in Ef. 

The vectors, connexion coefficients, etc., for the new coordinate 
system can be obtained by direct transformation from those for the 
system 2‘. The group vectors become €*' where &*! = & dx**/éz/, 


and we find 9 


From (13), or by transformation from (20), the connexion coeffi- 


cients are 


9 -1/9 
Att — (1—Za-r*) (Z8}-+reuna")at (35) 


The base vectors (** are given by equations of the form (14), and 


writing 


a (1—Za-es)@mcms.ce), (36) 


so that z* is the corresponding Euclidean vector in EZ}, we find that 
the equation for z* is 
va -dr* 


d* = een. BX ES. (37) 


1—-a-r* 
k 


When 7 = 0, we have z* = constant, as was to be expected, since 
we have already seen that the paths are parallel straight lines. The 
general result for 7 ~ 0, given above, can also be obtained from (37). 

When + + 0, the paths are too complicated to be considered here 
in detail. We note, however, that the angle with a is constant, 
showing that each path is a helix in Hf. It can be verified that 
each path is in fact a helix on a cylinder with an equiangular spiral 
cross-section. 

13. The sub-groups of G, have so far been considered from a geo- 
metrical point of view, but we shall in conclusion regard the subject 
in the light of relativistic cosmology. In such theories, given by 
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general relativity or by Milne’s kinematical relativity, a space S, of 
constant curvature plays an important part as the spatial part of a 
space-time continuum. An observer is assumed situated at each 
point of S,, and these observers choose exactly similar coordinate 
systems, the transformation from one observer to another then being 
a motion of S, into itself, i.e. a member of G,. 

Each observer may be regarded as having orientation, determined 
by a base at the observer’s position, and, if these bases are given 
by a sub-group G, of the kind considered in the present paper, it 
follows that the whole set appears the same from whatever point 
it is viewed, i.e. there are no preferential observers. This possible 
arrangement has not so far been considered by other writers, for it 
has always been assumed that there is complete spherical symmetry 
about each point, so that the question of orientation has not arisen. 
It may, however, be desirable to consider other possibilities, where 
spherical symmetry is discarded without implying the existence of 
preferential observers. In such cases the groups discussed in the 
present paper will be required. 

The sharp distinction between spaces of positive and negative 
curvature where sub-groups are concerned is emphasized in the 
present paper and is, I believe, noteworthy. Although often dis- 
cussed, it has not so far been decided which sign of curvature in 
a relativistic model leads to a closer comparison with reality, and 
it is conceivable that the properties of sub-groups will assist in 
indicating that one sign is to be preferred to the other. The con- 
clusions of this paper are that when the curvature is positive, there 
are two sub-groups, each avoiding preferential directions, but so 
similar that there could never be any theoretical reason for choosing 
one against the other. When the curvature is negative, there is a 
preferential direction at each point, but this does not imply any pre- 
ferential points in Sj. 

















SOME INTEGRALS INVOLVING LEGENDRE AND V 
BESSEL FUNCTIONS 
By T. M. MACROBERT (Glasgow) 
[Received 10 January 1940] 

1. Introductory 

In §2 of this paper three integrals involving associated Legendre 
functions are evaluated in terms of hypergeometric functions. In 
each case an expression for an integral of this type in terms of gamma 
functions can be deduced by applying Gauss’s theorem. In §3 rela- 
tions between these integrals and known integrals involving Bessel 
functions are elucidated. In §4 some integrals involving associated 
Legendre functions and in §5 corresponding integrals involving 
Bessel functions are evaluated in terms of £-functions. 


2. Integrals involving associated Legendre functions 


Take first the integral 


| (sinh w)/+”"-1(a? cosh?u— 1)-!"Q"(a cosh u) du 


0 


T(in+4 +Hr (31+-3m)T(49 n—tH+l) \ 


—™T'(n-+ 3)a"+ +-m+1 


J 4n+4m-+ 3, in—H+1; 1 
ee . oy ah (1) 


n--% 
where |x| >1, R(l+-m) > 0, R(n—I1+2) > 0. It can be established 
by expanding the Q-function in the integrand in descending powers 
of x and integrating term by term. The formula 
(sinh w)”-1 


(cosh w)"+"-1 


du = 4B(4m, 
0 
where R(m) > 0, R(n) > 0 is required. 
If, moreover, R(I—m) > 0, on making x + 1 and applying Gauss’s 
theorem it is found that 
( (sinh w)’-1Q”"(cosh u) du 
— Ddn+hm-+ $C (hn— +1) (31+ dm) 0 (3l— 3m) (3) 
i 22-mP'(dn—4m+1)P (n+ $1+-3) ; 


where R(/+-m) > 0, R(n—I+-2) > 0. 
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The next integral is 


@ 


[ (sinh w)!+”—1(x? cosh?u— 1)-?"P>"(x cosh u) du 


0 
_— —_-2-m-ID (31+ dm) P(3n— $+ 10 (3—H—3n) __ 
~ V(dm+4n4+ 1) (am—4n+3)0(gm—$l4+ lament 


F(4n+43m-+4, 4n—$1+1; 4m—41+1;1—2-*), (4) 
> & 


where |1—1/z?| < 1, R(l+m) > 0, R(n—I+2) > 0, R(1—l—n) 
Formula (4) can be deduced from formula (1) by means of the 
relation 
sec nt 
P-m™ z)= — en m 4 
n'(2) Tmtm+ilon—n): — QP, —al2 (5) 


On making x > 1 in (4), we obtain the formula 


8 


(sinh w)1P="(cosh u) du 


7 1'(3l+ 4m)C(4n—31+1)0(4—H—4n) 

~ 21D (dm+ dn+1)0(4m—4n+4)0(4m—H+1) 
where R(/-+-m) > 0, R(n—l1+2) > 0, R(1—l—n) > 0. 
The integral 


7 


[ (sin 0)'+™-1(]1 —a? cos?6)-#" 7'-™(x cos 0) dé 


0 
72-™T'(41+-4m) 


~ D(am—3n+3)0 (hm fn IP (Sl+4m-+ 3) 
,| 4m—4n, 4m+3 

Ca ees 

41+-4m-+4 


(7) 


R(l+m) > 0 can be established by employing the 


where |z| <1 
formula 
7."ts) = 2- m(]— 
f I'(3) 
D(4m—}n+4)C(4m+4n+1) 
x 4 I'(—3) ” 
* D(dm—4n)0(4m+4n+4) 
x 2F(4m—4n+Fh, m+ 3n+1; 3; 2’ 


z*)im x 





where |z| <1. 
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The formula to which (7) reduces when x +1 was given in a pre- 


vious paper.* 


3. Connexions with Bessel-function integrals 
On substituting from the formulat 


J (37) (m+n+1)0(m—n)(z2—1)-2"Pz™(z) = | eK, .3(A)A™-# dA, 
(9) 
where R(z) > —1, R(m+n+1) > 0, R(m—n) > 0, the left-hand 
side of (4), multiplied by ./(47)'(m+n+1)'(m—n), becomes 
( (sinh w)/+™"-1 du [ e~Accosh uk (A)A™-4 dd 
0 0 
= | K,,4,(A)X"-4 dd [ eo “(sinh uw)" du 
0 0 
T'(41+-4m) /2\#+4m-34 r a ‘ 
bi TW) () J Ksa)Kytsim—a(er)n# dA, 
. 0 
where R(x) > —1, R(m+n) > —1, R(m—n) > 0, R(n—/+1) > —1, 
R(i-+-n) < 1. 


Here replace 1, m, n by m—l+-3, 1+-m—4, n—} respectively. Then 


[ K,,(aA)K,,(A)A- dA 
—_ D(3l+4m+43n)P (31+ dm— 3n)P(3l— Fm Jn) (31-3 
Y 23-y/+nT(1) 
x F(3l+4m-+ 3n, §l—4m-+ 4n;31;1—2-*), (10) 


where R(x) > —1, |1—1/a2?| < 1, R(lt-m-+n) > 0. 

This integral, as well as (12) below, has been discussed by Dixon 
and Ferrar,t who give references to earlier work. Formula (10) is 
due to Titchmarsh.§ 

Similarly, by substituting from the formula 


o 


9 " 
[Ele —trmene = fern annn a, 
0 


* T. M. MacRobert, Phil. Mag. 27 (1939), 703. 


t Ibid. 704. 
t A. L. Dixon and W. L. Ferrar, Quart. J. of Math. (Oxford), 1 (1930), 129. 


y E. C. Titchmarsh, J. of London Math. Soc. 2 (1926), 98. 
3695.11 H 
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where R(z) > 1, R(m-+n) > —1 in the left-hand side of (1), we 
obtain the formula 





Lo 8) 


[« (Ax)I,(A)A'-? dA = 2!-2 


T(3/+4m-+4n)P(3l—4m-+4n) 
T'(n+1)al+” 


m 
0 


1]4+-1m-+-4n, 41—4m-+34n; 
er oe 
n+1 


where R(x) > 1, R(l--m-+-n) > 0. 


4. Evaluation of some integrals involving Legendre functions | 
in terms of #-functions 


The results given in this and the following section are based on 
the two following formulae: 
My VS \y—-v 

[ e--1 F(a, B38; —A) da = 1 
} P(a)P(B) 


where R(x) > 0, R(y) > 0,* and 


E(x,B,y:8:2), (13) 


=] 


[ e~*\av-1(1+-A)*+8-8 F(a, B35; —A) dA 
0 
*e T'(d)a-Y 
~ T(8—a)P'(8—B) 
where R(x) > 0, R(y) > 0. Formula (14) can be easily deduced from 
formula (13). 


E(i—a,5—B,y:8:x), (14) 


The integral 


| e-*(A—1)/-1(\2— 1) -Im P=) AD 
i 
2Q-my-t mt+tn+1,m—n,l:., \ 
= “a. ae 15 
T(m+n+1)P(m—- n)° ( m+1 *), om 


where R(x) > 0, R(/) > 0, can be derived by putting A = 1+-2yu and 
applying formula (13) or (14). The formula 


[ e-7\(A— 1)-1(2— 1)" P=mA) dD 
i 
_ _ Sin ae a (16) 
Traorm m--1 


where R(x) > 0, R(/+-m) > 0, is derived in a similar manner. 


* T. M. MacRobert, Proc. Roy. Soc. Edinburgh, 58 (1937), 10. 
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Again, from the relation 
1) 
my) — __7 {p Pma 5 alt pm | 17 
n (A) 2sinmz\| " adil I'(n—m-+1) Ps A}, “ 
and formulae (15) and (16), the two ices formulae can be 
deduced: 


¢ *h(}— 1)'-1(2— 1)#™ QA) dr 
1 
sin n7 es 
a P(n-+-m+1) ,_. 2a/+™ sin ma m+1 Bs )- 
D(n—m-+1) sin(m-+n)z ,,/n—m+1, —n—m,l: 
— Bal AD 2a 
21-my! sin ma 1—m 
(18) 
where R(x) > 0, R(l) > 0, R(l+-m) > 0; and 


[ ea— 1)- 1(,2 —1)- mar ) dr 
1 
e-* sin nar a 


~ > 
2Qa!—™ sin ma l—m 


a ll m—n,l: 


22), (19) 


2” +19! sin ma m-+1 


where R(x) > 0, R(l) > 0, R(l—m) > 0. 


5. Corresponding integrals involving Bessel functions 
On substituting from (9) in (15), changing the order of integration, 
and evaluating the inner integral, it is found that 


1) | eK (eee pa) du 
0 
a ea a 
where R(a) > 0, R(m+n-+1) > 0, R(m—n) > 0. 
Similarly, from (19) and (11) it can be deduced that 


2), (20) 


m+1 


/(27)sin mz T(D) | eHD, .4(u)e™-4(a+p)~ du 
0 
= —o”— sin nz E(—n,n+1,l—m:1—m: 2x)— 
—2-™z— sin(m—n)a E(m+n+1,m—n,l:m+1:2 
where R(x) > 0, R(m+n) > —1, R(l—m) > 0. 


1325423 
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Finally, from formula (24) of the paper referred to at the beginning 


of the section, and the formula 


Vn P (n-+-n-+1)P(m—n)(1— £2) 52) = f eK, «(ADM AA, 


0 (22 


where R(m+n+1)>0, R(m—n) > 0, which is identical with 
formula (9) above, it can be deduced that 


2-T(4)r (m+4) . 
(x—A my 2 ail m—1 dq) 

T(m+n)P(m—n | #0 (w—A)-"L,,(4#—A)A"™ 
COS 2i7r 


K,, (x) + 


an e~itzy-mK (xe-*™) + elm b)itry—m 

COS M7t 

e-* sin(m—n)2 sin(m--n)m py 1—m-+n, 1—m—n, 1: Ox 
x Cos(m7)21-" v7 3—m 


where R(m-+-n) > 0, —4a < arga < 37. 








LINEAR PARTIAL DIFFERENTIAL EQUATIONS (II) 
By T. W. CHAUNDY (Oxford) 
[Received 18 December 1939] 


The general equation in two variables with distinct 
characteristics 

My purpose here is to discuss, in general terms, the form taken by 
the solution of Cauchy’s problem for the general linear partial 
differential equation in two independent variables in which all the 
characteristics are distinct. This restriction excludes all equations of 
parabolic type, though it excludes more than these: for differential 
equations with repeated characteristics need not always be para- 
bolic,* in the same way that plane curves with coincident asymptotic 
directions may possess either parallel linear asymptotes or parabolic 
asymptotes. However, the condition of distinct characteristics makes 
for a conveniently simple classification. 

If the differential equation is of order m, then, when m > 2, the 
characteristics are ‘excessive’, i.e. they exceed the number of in- 
dependent variables. In (2), (3) I have already considered two 
classes of equation with excessive characteristics. Of these (3), the 
more recent, is more immediately relevant here. 

When m = 2, certain simplifications can be made in the analysis, 
and, moreover, the independent variables can be changed to throw 
the equation into Riemann’s form 

s+Bp+aq+yz = 0, (1) 
where a, 8, y are functions of the independent variables x, y; of this 
a full discussion has been given by Goursat,{ and I shall therefore 
always tacitly presuppose that m > 2. 

After explaining certain notations in § 2, I lay down in §3 certain 
conditions to be satisfied by the set of m Green’s functions (or 
‘fundamental solutions’) U,(X,Y;2,y) of the mth-order equation. 
In the next three sections I show that Cauchy’s problem can be 
solved when such a set of functions is known. 

In the two types of equation with ‘excessive’ characteristics 
that I have previously discussed, namely equations with constant 


* Some of the equations discussed in (1), (2) exemplify this. 
+ E. Goursat (4), chap. 26 (ii), i.e. pp. 33 et seq. 
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coefficients (2) and certain equations of hypergeometric type (3), it 
will be found, as might be expected, that the Green’s functions there 
given conform to the general conditions laid down here in §3, though 
I have not thought it necessary to give the details of verification 
here. However, as particular examples, they should suffice to show 
that these conditions imposed on the Green’s functions, though 
adequate to secure a solution of Cauchy’s problem, are not too 
stringent to be satisfied by possible functions. 


2. Some notation 
For convenience of notation I begin with the equation adjoint to 

the equation proposed for solution. Denote this adjoint by 
®U = 0, (2) 
m i Fl 

where = > we, ts (3) 
_ ox ey 

and ¢*) denotes a homogeneous polynomial of order s with (pre- 

sumably) variable coefficients. Taking the polynomial of highest 


order m, suppose that 


m 
P™(h, k) = TT (n,h—€,4). (4) 
r=] 
Then a typical characteristic is defined by the differential equation 
£.dx+n,dy = 0. (5) 
If the integral of this differential equation is 


f,.(2, y) = constant, (6) 


then é/z = nl 
Cx cy 


and we can sufficiently suppose that 


of. : F 
Th ? eas I ? ( ‘ ) 
Cx 1a. 


for this requires (at most) that the differential equation (2) be multi- 
plied through by some suitable factor. I suppose then that the 
equation has been ‘prepared’ in this way and therefore that (7) holds. 


This gives, in consequence, 


Ox oy 


On, oe, (8) 


which leads to some simplification of analysis at a later stage. 
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Let us call such a characteristic as (6) a characteristic C,. Dif- 
ferentiation along a characteristic C, is effected by the operator 


a é 
A, = ab (9) 
Cx cy 


[ write further 

,(h, k) = TT (ngh—€,k) = $™(h, k)/(n, h—E, k) (10) 
and x,(h, k) = A,w,(h, k), (11) 
where, of course, if h, k are replaced, on the left, by functions of 
v, y, they are so replaced on the right after the operation A,. 


3. Conditions to be satisfied by a set of Green’s functions 
[ now postulate the conditions to be satisfied by a set of Green’s 
functions (or ‘fundamental solutions’) 
U(X, ¥;2,9) @& =1...., m). (12) 
(A) They are solutions in variables (x,y) of the adjoint equation 
@U = 0. 
(B) They satisfy the null condition 
m 
> U, = 0. 
r=] 
(C) The Green’s function U, and its derivatives of order not exceeding 
m—3 all vanish along the associated characteristic 


f(w,y) = f(X,¥). (13) 
Thus, differentiating a derivative of U, of order m—3 along the 
characteristic (13), we have 


P a om—3 TT 
Y = —€ A Be U, = 
hs a lodumosst~~CT 

ea ey) extey 


om-2 U7, om-2 7 
Np ce ea Sr r_s (« = 0,..., m—3). 
ext+ oy™— —i Catoy™—2-! 
gr-87, 


Hence ene 
Ox cy —6—< 


= ag a-t-09, (s _ D605 m—2) (14) 


for some 6,(X,Y;a,y). Only values of @, along the characteristic 
(13) interest us and these are defined as follows: 
(D) Along the characteristic (13) we define 0, by the differential 


equation 


A,{9, b,(E,; n,)} — O{Xr(E;» Nr) —gr-H(E,, n,)}- (15) 
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Since A, is the operator which differentiates along the charac- 
teristic, this equation is effectively an ordinary differential equation 
and it defines 6, completely except in respect of a multiplicative 
constant. We fix this constant by the further condition: 

(E) The values of the m 0, at (X,Y), the point of concurrence of 
characteristics (13), satisfy the condition 


Se lé, »H,) = 1. (16) 


x 


We can state this condition (E) somewhat differently. For, if we 
sum (14) in r, we get, in virtue of the null condition (B), 


b, 6. £2 nt m—2—s — 
for the values of 0, at (X,Y).* Solving these m—1 equations for the 
ratios of the #, we get at once 

6, oC 1/h,(E,, Nr)» 
since, by (10), yl» m) = TT Es 
Hence from (E) we get 
mb,(X,Y¥;X,Y) = 1/p,(€,, n,). 
If along a characteristic C,, we write 
dz/n, = —dy/é, = dt,, 

then, by integrating the differential equation (15) along the charac- 
teristic (13) and using (17), we can combine the conditions (D), (E) 
into the single condition: 


(F) Along the characteristic (13) we define 


(x,y) 
(m— 1/( 
6(X,Y;a,y) = ; exo [ Xr(Ev Mr) — PP" Er» re) dt,}, (18) 


~ mab, (Ers Ny) 


the integral being taken along the characteristic. 


5 $(E +s Nr) 


(X,¥) 


This completes the statement of the properties defining the Green’s 
functions. 


4. The solution of Cauchy’s problem 
We now introduce the ‘given’ equation 
OV =0 (19) 


* Tt is, of course, only at the point of concurrence of the m characteristics 
(13) that we can use all the m equations (14) simultaneously. 
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adjoint to the equation ®U = 0, which is the equation that we have 
so far been considering. By the defining properties of adjoints we 
can write, for arbitrary U, V, 

0G eH 


a 


VOU—UOV = = al (20) 
Cy Ox 


where G, H are of the general form 
HU HV 
” oxy? bxtdy!” 

[t is not easy to find a concise expression for them, but, if we put 
A, « for the operators @/éx, @/éy acting on V and its derivatives and 

\’, —p’ for the same operators when they act on U and its deri- 
vatives, then we can write 

7#=0_UVN, H=90,UV, (21) 
where ®,, ®,, are operators of the type 
> vAe(—A’)"(—v')?. 


These expressions are not unique, for we can evidently replace ®,, 


o+—9, €&4-2. 
Ox oy 


where © is any similar operator of order not exceeding m—2. I shall 
return to this point later. 

Now, by a fundamental theorem in the integral calculus, we have 
from (20) 


[[ (V@U—UGYP) dady = | (G dx +H dy), (22) 


where the double integral is taken over an arbitrary area, and the 
single integral is taken round the boundary of the area (with the 
proper convention of sign between the two integrals). Taking U to 
be the Green’s function U,, so that ®U, = 0, we now have 


[[ (U,V) dady + { {(,U,V) de +@, U,V) dy} = 0. (23) 


For this integrand I prescribe the path of integration of the line- 
integral as follows. Let P be an arbitrary point to which we assign 
the coordinates (X, Y) already appearing in U(X, Y; x,y) but still at 
our disposal. Through P draw the characteristic (13), i.e. 


f(x, y) baa SAX, Y), 


associated with U, and let it cut in A, the base-curve of Cauchy’s 








106 T. W. CHAUNDY 


problem. On this base-curve take an arbitrary origin O and connect 
P to O by an arbitrary curve. Then I assign as path of integration 
of the line-integral in (22) the composite curve OA, PO, which we 
may denote by (r), the enclosed area, denoted by [r], being accord- 
ingly the region of integration of the double integral. 

Finally, we sum in r the m equations (23), so that we consider 


s [f (U, BY) dedy + S [ {(@,U,V) dx +, U,V) dy} = 0. (24) 
r=1 tr] r=1 5) 
Now the are OP is common to all the integrals and along it U, 
appears as > U,, which vanishes in virtue of the null condition (13). 
Thus the arbitrary are OP disappears from the line-integral. 


5. The integral along a characteristic 

Again the integral along the characteristic A, P will reduce in view 
of the properties of U, along this characteristic. Splitting up ® into 
its dimensional sets ¥ ¢®, we split up ®,, ®, into the corresponding 
¥ d\, ¥ di (say), where 4°), ¢\*) do not involve differential opera- 
tions of order exceeding s—1. Since, by (C), U. and its derivatives 
of order not exceeding m—3 vanish along the characteristic, the 
parts of the integral arising from 4“ of order not exceeding m—2 
vanish, and we are therefore left only with those terms which arise 
from ¢"-» and ¢™. For simplicity I now temporarily suppress the 
suffix r. 

Consider firstly the terms arising from ¢°-», namely 


[ (Ge"-PUV) dx +(p"-PUV) dy}. (25) 


© 


Here, by the above argument, we retain only those terms which are 
of the highest order m—2 in the derivatives of U and which con- 
sequently do not involve derivatives of V. Thus we reduce the 
integral (25) to a form 


| Vi[pr-N(a,, 0,)U | du +[ dla, 0, U] dy}, (26) 


where I now write @,,@, for é/éx,é/éy, and ¢)"-"), gy") for the parts 
of d"-», d°"-» of highest order in the operators 4’, 4’ which operate 
on U alone. But along the characteristic 


lx l 
ee a dt, say, 
” g 
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and, by (14), 
gina, é6,)U = 64i"-l(~,n), etc. 


Thus the integral reduces to 
| VO{ngr- -1) (é, n)— Epir- n(é )} dt. (28) 


Now, picking out from the adjoint identity (20) the terms arising 
from ¢-, we have the identity 


- Q a 
m-1)(A 2A T 4 -1I/p 2 7 (m-)DITV (m-1 y 
Vpn, 0, )U —Ug-%(8,, 8,)V = ayo Ut —x oy" UV. 


Regarding U, V in this identity as arbitrary and independent, we 
can pick out the coefficient of V and then, in this coefficient, the 
U’-derivatives of highest order m—1. Isolating the operators and 
replacing @,, @, by h, k we shall then have the algebraic relation 


p™-D(h, k) = kph, k)—h- ts ‘), 
co that nf", 0) —Eb0"-ME, m) = $"M, 0). 
Thus, at length, the integral (28) reduces to 
[ Vagm-D(E, n) dt. (29) 
Coming to d™ I define 42”, 6!” more exactly. In virtue of (10 

(11) we have, still omitting the suffix r, 

dim(h, k) = (nh—Ek)y(h, k), 

$™(0,, 0y) = (0, —€6, (Eqs &y) —X(B ns &y) 

= 0, nyb(@,, &y)|—OEb(@,, Oy) |—X(Oz By), 
since 6, = 0,€. Thus 
Vp™(0,, 6, )U 


eV nb(Oq, 0,)U]—2,[V Eb, 2,)U]—(AV (2p, 2) U—Vx(0q, &)U. 

(30) 

We secure the complete ‘exact-derivative’ form @,J...]+@,[...] 

in (30) either by adding the adjoint to the expression on the left or 

by adding the adjoints to the last two terms on the right. Either addi- 

tion must lead to the same result since adjoints are unique. Hence 
Vdi md, é,)U— US, 2, é,) WV 

Cis —0,[VEp(e,, @ , 0,)U +4,( (UAV) +x(UV )J+ 
+2@,[V mT Oy, 0y)U+4,(UAV)+x,(UV)], (31) 
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where ¥,, %,, X:, X, denote differential operators analogous to ¢°), 
${*) above. 

Now ¢, x like g- are of order m—1 and by a similar argument 
they contribute to the integral along AP expressions similar to (29), 


namely poe P oe 
| (AV )Ob(E, n) dt, VOx(E, ) dt. 
The remaining terms in (31) give in the integral 


[Vib(2,, 0,)U\(é dx + dy), 


and this vanishes since dx +dy = 0 along the characteristic. 
Thus, at length, the contribution of ¢™ to the integral along A P is 


me | O[ (AV )b(E, n) +V x(€, n)] at, 


and so, if we add in (29), the whole integral along AP comes out as 


. 
J AVG" ME, 2)—xE, 1)} (AV HE, )] at. 


Now, by condition (D), 6 satisfies the differential equation (15) and 
so this integral is equal to 


- { {VA[Op(E, n)]+(AV )OW(E, m)} de = —[VOWE, n)].,> 


since, by (9), (27), A = n——f~, 
Ox oy 


and, along AP, dx = ndt, dy = —édt. 


6. The solution completed 

By (E), or, more precisely, by (17), the expression evaluated at 
P reduces to —V(X,Y)/m. Hence, finally, those parts of the line- 
integrals in (24) which arise from integration along the charac- 
teristics A, P reduce, in virtue of the properties of the Green’s 
functions postulated in § 3, to 


—V(X,¥Y)+ I 0, W.(E, nV]. 


We have already seen that the parts of the line-integrals in (24) 
arising from integration along the arbitrary arc OP vanish in the 
summation, and thus there remain of the line-integrals only those 
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parts which arise from integration along the base-curve itself. We 
have therefore reduced (24) to the form 


m m “tr 
V(X,Y) = 216d (E VI" + & | {(.U,V) dx +O, U,V) dy} + 
r= r= FA 


+> ffi (U, BV) dxdy. (32) 


(r} 


$2, 


1 


Ms 


Here += 
and, from (31), 

$2PU,V = —VE,Y, (Ox Oy)U,—Yr2(U, A, V)—Xre(U, V), 
and so for ®,, 6’U,V. Thus, more explicitly, we write (32) as 


(X,Y) = $ (V0, m] +3 f— [[V¥, (ee, &) UME, de +n, dy) + 


8 


+ ( "> #2'—x) U, V—,.(U, A, v)] dx + 
+ (‘S49 —xXry)U,V —p,y(U,A, v)| dy) + 


re. ff (GOV) dzdy. (33) 
r=] i] 

If V(x, y) is any solution of the given equation OV = 0, the double 
integral disappears and (33) then gives the solution of Cauchy’s 
problem, for the values of V and its derivatives appearing on the 
right are all taken at points of the given base-curve OA,...A,. 

More generally, if the given equation has an absolute term, i.e. if 


it is OV = f(x, y), 


then (33) gives the solution of —" problem in the form 


(XY) = S106, delEn “+3 f- [PY (2e» &y) UME de + dy) + 
+[("S 40 —xre) Ue V—ro(U My V)] de + 
9 —xXey)U, V—Yry(Ue Ar V)] dy} + 


sf J U,f(w,y) dedy. (34) 
1 
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I should perhaps emphasize again that the ¢{°, 4{*) in (33), (34) are 
not unique; but, if they are replaced by any pic 2 party the 
difference so introduced disappears on integration and summation. 

Notice that we can transfer the terms (in the first bracket) 
evaluated at A, to O, since 


(4, ¥,(E, 0-)V 


[Vus,(é,,@,)U,]}°", since PA, is a characteristic C., 


= [Vz,(2,, @,)l P+ [av ilee, ))U;}. (35) 
Oo 

We may notice too that the data on the base-curve require the 
values of V and its derivatives up to and including those of order 
m—l1. Actually, of course, it is sufficient to know V and one deri- 
vative of each such order, for the remaining derivatives can be 
obtained by differentiating along the base-curve. 

If the base-curve is itself a characteristic (C,, say), the argument 
breaks down, for two characteristics of the same suffix do not meet 
and so A, does not exist. This opens up possibilities with which 
I cannot at present cope and I postpone this case for further con- 
sideration. 
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ON SOME BIORTHOGONAL SETS OF FUNCTIONS 
By A. ERDELYI (Edinburgh) 
[Received 28 December 1939] 


1. In this note I wish to point out that from every known orthcgonal 
set of functions {¢,,} or from a biorthogonal set of functions {y,,,¢,,} 
new biorthogonal or, in exceptional cases, orthogonal sets can be 
formed by fractional integration by parts. 

Let us take at first a finite interval (a,b). Then the formula of 
fractional integration by parts runs 


d’ ag (x) 
_ em 3 1 
. d(b—x) tem fae, (w—a)” ™ (1) 


The fractional derivatives occurring in (1) can be defined by integrals 


b 


a 


if the real part of v is negative. Thus 


x 


~ <5) [ @—w--4) dy [R(v) <0 


d’ f(x) 
d(jx—ay  — T( 


. 
a 


b 
d’alx 1 
Ten ay = T(—») | (y—a)"-"g(y) dy [R(v) < 0]. (3) 


Zz 


and 


With these definitions of the fractional derivatives, (1) was proved 
by Love and Young* for functions f and g belonging to classes 
L”(a,b) and La, b) respectively} with the restrictions 


p>], q>1, —l<v<Q, pit+qi+rvy<l. (4) 


For other values of v their Theorem C combined with ordinary 
integration by parts enables us to ascertain the validity of (1). 

For many purposes, especially for transformation of hypergeo- 
metric integrals by means of fractional integration by parts, a very 


* E. R. Love and L. C. Young, Proc. London Math. Soc. (2) 44 (1938), 
1-34, Theorem C. 

+ For the definition of classes L” see, for instance, E. C. Titchmarsh, Theory 
of Functions (Oxford, 1932), § 12.4. 
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much less deep and more restrictive proof of rule (1) is sufficient.* 
If f and g possess expansions . 
fl) => Afe—ay, — g(x) = ¥ B(b—a)o**1,, (5) 
r=0 ' s=0 
the radius of convergence of which exceeds b—a, and if the fractional 
derivatives are obtained by differentiating these series term by term 
and using the definition 
Put? '(n)wr-v-1 
—__- = —f ; (6) 
dw” I'(u—v) 
then (1) is true if both integrals are convergent, i.e. when 
R(p) > 0, R(p—v) > 0, Rio) > 0, R(o—v) > 0. (7) 
Obviously both definitions of fractional derivatives are in accordance 
in those cases in which both definitions have a meaning. 
2. Now let us take a biorthogonal system {y,,,¢,,} (n = 0, 1, 2,...) 
satisfying the relations 


b 


J Py (% X)Xy, (2 ) dx = a Cy a (8) 


where 6,,,, is Kronecker’s delta. Define a new set of functions by 


ad’ Fi ) 
f, rt 9 
d(x—a)” {u(x)d, (a } ( ) 


1 a* {Xn(2) 
~~ v(a) d(b—x)~ \ u(x) J (10) 


Then, under certain conditions, {®,,, X,,} is a biorthogonal set, and 


n>“ 


v(2) 


and 


b 
[ On(@)X, (a) dar = Cy Syn: (11) 
a 
Here u(x) and v(x) must be chosen so as to fulfil the conditions of 
validity. Otherwise these functions are arbitrary. 
The identity of (11) and (8) follows from (1) by putting 
fle) = U(a)by (x), gla) = v(@)X, (2). 
The validity of (11) follows then, for instance, from Theorem C 
of Love and Young, if u(x)d,,(x) and v(x)X,,(x) belong to classes 
L”(a,b) and L4(a, b) respectively so that (4) holds. In this case ®,, (x) 


* A. Erdélyi, Quart. J. of Math. (Oxford), 10 (1939), 129-34 and 176-89. 
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is defined by (9) and (2) directly; X,,(x) is defined from (10) and 
(3) as the solution of Abel’s integral equation 


b 
Xn(X) ls 1 . —7)-"—-*y c 
u(x) ra) (y—a) toy) X,, (y) dy, 


provided that this integral equation has a solution and v(y)X,,(y) 
belongs to L4(a, b). 
We can prove (11) the other way round, taking 
f(x) = ®,,( a)/v(x) g(x) Mics = x(x )/u(x) 
and replacing v by —v in (1). Then the validity of (11) follows when 
®,,(x)/v(x) and x,(x)/u(x) belong to classes L?(a,b) and L4%a,b) 
respectively so that 
p>, q>1, 0<v<l, pitgqi—r <1. 
In this case X,,(x) is defined by (10) and (3) directly, whereas ®, (x) 
is the solution of Abel’s integral equation 


_ yy Pal) 
— ref & wy 


If the functions concerned have expansions of the type (5), then 
(7) is in most cases less restrictive than (4). However, it is not 
important to obtain the least restrictive conditions from the partial 
integration, for, at least in the examples considered below, by ana- 
lytic continuation in v and the other parameters involved, the 
validity of (11) in the widest possible range immediately follows 
when only its validity in some range of the parameters has been 
proved. 

3. Completeness and closedness of the biorthogonal set {X,,,®,,} 
can also be inferred from the corresponding properties of the set 
{Xn> Pn} 

To fix ideas, let us take u(x) = v(x) = 1 and suppose that {¢,} is 
complete with respect to some L(a,b) (p > 1). Then {®,} is com- 
plete* with respect to L%(a, b), where g = p/(1—pv); here —1 << v< 0 
is assumed. 

* Dr. Kober adds that {®,} is even complete with respect to any L*(a, b) 
where r > q. If vy < —1, then {®,} is complete with respect to any L*(a, b) 


with r > 1. 
3695.11 I 
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To prove this we have to show that from 





b 
f ®.@)F(@) dz = 0 


for — n = 0, 1, 2,..., it follows that F(x) is a null-function. Now 





~ —— - { +. ad aa 
= — fail x) d: — n( ) F ) d — 
From F ¢€ L4%(a,b) by a known theorem of Handy and Littlewood* 
d’ F(x) ” ne 
aap P= Te 


follows. Hence, from the completeness of {¢,} it follows that 
d’ F(x)/d(b—2)” is zero almost everywhere, and so is F(x). This last 
step follows, for instance, from a theorem of Tamarkin.} 

The completeness of {X,,} cannot be inferred from that of {yx,}. 
This is of little consequence, however, for the completeness of the 
biorthogonal system {X,,@®,} depends only{ on the completeness 
of {,,} 


4. As an example Jacobi’s polynomials may be taken. Then (8) 
certainly holds with§ a = 0, 6b = 1, 


py, (x r) = F(—n, a+n; ¥3), om) 
N(a—y+1C (Y¥+®) 1y-1(1 —2)®-7 F(—n, a-t-n3y32) (13) 


n? 


Xn) = Na—y-+n+I 0G) 
= (—)"av-1(1—a)*-7 F(—n, a+n;a—y+1; 1—2) 
= (—)"(1—2)*-7 F(a—y+-n+1, 1—y—n; a—y+1; 1—2), 
id _ mMP(y)P(a—y+1) (14) 


on = at-2n)T(a-En) ” 
provided that R(a«)+1> R(y) > 0. 


* G. H. Hardy and J. E. Littlewood, Math. Zeits. 27 (1928), 565-606, 
Theorem 4. 

+ J. D. Tamarkin, Annals of Math. 31 (1930), 219-29, Theorem 4. 

t S. Kaczmarz und H. Steinhaus, Theorie der Orthogonalreithen (Warszawa- 
Lw6w, 1935), 262 [814]. 

§ Cf. e.g. P. Appell et J. Kampé de Feériet, Fonctions hypergéométriques. 
Polynomes d’Hermite (Paris, 1926), p. 11. In (13) known transformation 
formulae of the hypergeometric series have been used. See E. T. Whittaker 
and G. N. Watson, Modern Analysis (Cambridge, 1927), §§ 14.53 and 14.4. 
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At first let us take in the definition of ®, and X,, 
v = 1-4, u(x) = v(x) =1. 
Then we — according to definition (5), (6) 


¢- 


©, (2) = 


* {F(— n,a+n;y;x)} = F,(—n, a+n, 1; y,A;2). 


(15) 


gt 
ra) ° 


Again, according to the same definition, 


X,,(x) _— —)"(1—zx)*-7 x 


x F(a—y+n+1, l—y—n; a—y+1; 1—2)} 
_ (=)T(a—y+1) 
['(a—y—A+2) 
x F(a—y+n+1, l—y—n; a—y—A+ 2; 1—z). 
(16) 
Term-by-term fractional differentiation has to be justified in (16), 
the radius of convergence being only unity. This justification is 
easily supplied provided that 
R(y) > 0, R(A) > 0, R(a—y—A+2) > 0. (17) 
Although this derivation of the orthogonality relation 
1 


d(1— 


(1 —zx)*-v-At1 x 





(1 —a)*-7-"“41, Fy (—m, a+m, 1; y,A; x) x 


x F(a—y+n+1, l—y—n; a—y—A+2; 1—z) dx 
_ (=P OPAL (a—y—A+2) g 
(a+2n)P(a+n) ve 

is only valid when, besides (17), R(«)+-1 > R(y) also holds, by ana- 
lytical continuation the validity of (18) follows with only the restric- 
tions (17). 

The set given by (15) and (16) is essentially identical with a bi- 
orthogonal system discussed by Ignatowsky.t 


(18) 





5. From (12) and (13) a more general biorthogonal set can be 
obtained by putting 
v = BA, u(x) = 28-1(1—2)-€, v(x) =1. 
* A. Erdélyi, Quart. J. of Math. (Oxford), 10 (1939), 176-89, (184). 
+ Ibid., 178. 


t W. v. Ignatowsky, Comptes Rendus de ’ Acad. de U.S.S.R. (1931), 179-85 
and 186-9. 
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Then, 
dB-A , 
®, (x) = * ae = {2F- 1(1—z)-* F (—n, a+n; y;2)} 
_— dBA —n)(a+- ), (€)s ee 
~ da—a r! P » 
dxB \. 1 r! (y), 8! 


aA > 22 P'(B+r+s) (—n),(a+N), (€)s A+r4e—1 
7% P(A+r+s) 


r! (y), sg! 
Bs. 3 a (—n),(a-+n), (€)e rts (19) 
@), rl () at” 


and similarly, using the second form of x,,(x) 


. jA-B 
X,,(x) bs — 3{(—)"[1—(1—a) Pp A(1—a) 7+ "4 


x F(—n,a+n;a—y+1;1—z)} 
_ (—)"T'(a—y+e+1) (1—a)*+8 yte—-A x 
P'(a+B—y+e—A+1) 


n 


s S S (a—y+e+1),, 


(—n),(a+mn), (B— Ys 
r=0 s=0 (a+B— yte—A +1), 


—zr)rr, 
r! (a—y+1), s! ) 


(20) 
Both ®, and X,, ar : - 


® are expressible in this case in terms of hyper- 
geometric series of two variables. 


In the notation of Appell and 
Kampé de Feériet (loc. cit., p. 150) 


1p 
I'(B) ys p] 2|/—%, €;a+n, ”\, 
®, (2) = = 2" F 21 
n(®) T'(A) 4 1 A x > ( ) 
lly, 
and 


Xo) ~ (Pies 


(1—ar)*+B-v+e-A >, 
T'(a+fp—y+e—A+1) 


lja—y+e+1 
9|— 
xF 9-7: OTe) ote ae 
ia+B—y+e—A+1 
a—y+1,7 


Here 7 is a ‘dummy’ parameter. 
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From known properties of hypergeometric functions we easily 
®,,( “) = O{(1—aP-F-§+0(1) (~> 1), 
X,,(x) = O(a7~)+O(1) (x > 0), 
X,,(x) = Of{(1—ax)=+B-1+«} (a > 1). 
Hence (11) is valid in this case, by the theory of analytical continua- 
tion, with only the restrictions 
Ra) +1 > Ry) > 0, — R(wt-B—y+e)+1> RA) > 0. (23) 
In certain special cases, for instance when f = 1, « = 0, which leads 
us to Ignatowsky’s system, some of the restrictions can be dispensed 
with. 
6. Now let us proceed to an infinite interval. Without loss of 
generality we may take it to be (0,00). Here the rule of fractional 
integration by parts runs 


[seg Feel e= fe PLO a (24) 


The corresponding definitions for the fractional derivatives are 


ad” f(x) 
dx” 


= oy | ery dy [R(v) < 0] (25) 


0 


@ 


l -v-l § 
= Foy | O-2 9) dy [HH <0}, (26) 


x 


d’g(x) 
d(—2)’ 


and 


So far as I am aware, no proof of (24) has been published yet. 
Dr. H. Kober, however, writes to me* that he has proved (24), e.g. 
for functions f(z) and x~’g(~) belonging to classes L”?(0,00) and 
I4(0, 00) respectively, so that 

l< p<, q = p/(p—1). (27) 

It is quite clear that in this case again under suitable conditions 


expansion and formal differentiation may be used instead of (25), 
(26). Again, f(a) is to be expanded into a series of the type (5) with 


* This is only a particular case of the results contained in Dr. Kober’s 
forthcoming paper ‘On fractional integrals and derivatives’ (Theorem 3). For 
1 <p <o the result quoted here can be deduced from Theorem 329 of 
Inequalities by G. H. Hardy, J. E. Littlewood, and G. Pélya (Cambridge, 1934). 
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a = 0; g(x), however, into a series of exponential functions, the 
derivatives of which are defined by 
Vo—k. 
ee™ — be™. (28) 
d(—x)’ 
Now, again, (11) can be derived from (8), by taking a = 0, b = « 
in both equations. By taking 


R(v) a. 1; f(x) = = u(x Vpn (x g(x) — v(x)X,,(x) 


n (24), the validity of (11) follows from Kober’s theorem if u(x)¢,,(x) 
and a~"v(x)X,,(x) belong to classes L?(0, 00) and L4(0, 00) respectively, 
so that (27) holds. ®, is then defined directly by (25), whereas X,, 
is the solution of the integral equation 


Xn(2 yy a | om y)X,,(y) dy 


U(x 


This integral equation reduces by the substitutions x1 = £, y-1 = 
to the usual form of Abel’s integral equation. 

From Kober’s theorem we can also prove (11) for R(v) > 0 if 
®,,,(x)/v(~) and x”y,,(x)/u(a) belong to classes L?(0,00) and L4(0, 0) 
respectively, so that (27) holds. 

Completeness and closedness of {X,,,@,,} can again be inferred 
from the corresponding properties of {yx,,, ¢,,}- 

7. As an example of a set in an infinite interval Laguerre poly- 
nomials may be taken. In order to do so we may put 


$n (x) = LYP(2z), (29) 
Xn(x) = e-**x*Ly”(22), (30) 


ee (31) 
To begin with, we put 
a(z) = ¢-*, v(x) = gia, 
]Y 


( 
Then ®, (x) = er as {e-* L'~)(22)} 


and X,(z) = rir {e-ta* L')(22)}. 
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®,, and X,, in this case can be expressed in terms of confluent 
hypergeometric functions. For 


d” e-tyr aie 
dx” Jin 


ez 1 : 
nin a —y)"---ly d 
I'(—v) tal y) ilies: 
m= 0 


riet T'\(m—v)a™—-"+" 


T'(—») 4 —,m'0'(m—v+-r+1) 


=i (w—y)* “tye” dy 


rlaf—e-* 
== Tr —y+1)? A(- —v+1;z2) 


n __ Om \r 
and L)(22) = > pt m 
_ r! 


r=0 
Hence 


®,,(x) = gia + ae 7: le} 


n—?Tr 
r=0 


= gite-z , ba Fee F(—vjr—v+1;2). (34) 


r}] T(r—v+1) 
If vy = 0, 1, 2,..., the confluent hypergeometric functions occurring 
in (34) reduce to polynomials. 

Again* © 


q@-¥ e-t s 
—Lyatr — —_ y \—-ly a+, —y-z) qd 
ae") re | Y x)-ly**e y 


n— 
=0 


1 t a+r 
— e-tyttr wi + ‘) dt 
T'(v) z 


= creat" Ely, —a—?r; -}) 
when we define the divergent hypergeometric series ./ uniquely byt 
Wem(2) = eet Be }—k—m, 4—k+m; —?). (35) 


* Cf. Modern Analysis, § 16.12. t+ Cf. also Modern Analysis, § 16.3. 
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~ (—2" da 
— »—ja-v : Se ae = LyA+ry 
ollie a t q(—ap 


0 
il ieee vents 27 far 3). an 


The sum in this reduces to a polynomial if vy = 0, —1, —2.,... or if 


ee oe ee 
From the theory of the confluent hypergeometric functions it 
easily follows that 
®,,(x) = O(x!*) 
®,,(%) = O(xt>) 
X, (2) = Oe) +O@-) (w 
2 X (2) = Ofgi*-e-*) ( 
From this, by Kober’s theorem with p =o and g = 1, the per- 
missibility of fractional integration by parts under the assumptions 


R(x) >—1, Rv) <1 


ages! 


readily follows. 

8. The biorthogonal system of the preceding section has been 
discussed in some detail because a particular‘ case of it is of some 
importance in the theory of ‘cut’ Hankel transforms. 

Put in the formulae of the preceding section 

a = p+2l, y= —l, {== I, 2, 3..... 


Then our biorthogonal system is 


xi , +2 
®,(0) = Gay J (x—y)2e-¥ 9 (2y) dy, 


X,, (a) = (— Ya- we re“ Dae BD aad 2) (2. x)}, 


and the corresponding relation of orthogonality 


P(u+n+2+1). a9) 


> (xa) X. = & 
j q )X n(X) dx n! Qe +241 mn* 


ml 
It is readily shown from (38) and also easily seen from (36) that in 
this case X,,(x) reduces to x!#+4e-*x a polynomial of degree n+ 
in x; (39) is convergent when R(yz)+2/+-1 > 0. 
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The significance of these functions comes from the fact that the 
biorthogonal system {X,,,@,,} is with respect to L*(0,00) a complete 
set of self and skew reciprocal functions of the cut Hankel trans- 


form,* i.e. 
®,,(y) 
2,/( d 
“fa Aeon} Hx‘ ” (40) 


E. sy) 4-98 <1,2=1, 2,3... > 
Here J,,, denotes the cut Bessel function of first kind 


(2vz) = 3 a (41) 
4 Ay r!P(u+r+1) 

Any function the expansion of which into a series of the ®,, (or, 
alternatively, the X,,) contains only functions of even (odd) index n 
is self (skew) reciprocal in the cut Hankel transform. 

The a. of (40) and a few more properties of the biorthogonal 
set {X,,,®,} 

9. The biorthogonal sets dealt with in the last two sections are 
by no means the only ones which can be derived from Laguerre 
polynomials by partial integration. Leaving to the reader the dis- 
cussion of a more general case which, like that dealt with in §5, 
leads to functions expressible in terms of confluent hypergeometric 
functions of two variables, I confine myself to another simple example 
connected with certain expansions in series of Whittaker functions 
W,..m or, What is the same thing, confluent hypergeometric series ,F). 

Let us again take (29), (30), but now with u(x) = 1, v(x) = a’e-*. 
Then we have 


v n 
®,, (x) == @ “gy” = {L{( 22) )} = = e-*y” b 


n} Will be given elsewhere. 


m—r} ri. da’ 


_ ge S (nt+a\_(—22) 
a pA sis 


D(n+a+ le ‘ae y ae 42 
o,(z) = nir+a)rd— )? of,(—n, 1; 1+a, 1—v; 2z). (42) 


* The cut Hankel transform is mentioned in E. C. Titchmarsh’s Theory of 
Fourier Integrals (Oxford, 1937), § 8.4, Example (1); a full discussion of cut 
Hankel transforms was given by H. Kober, Quart. J. of Math. (Oxford), 8 
(1937), 186-99. Kober, in a paper which will appear in the Proceedings of the 
Edinburgh Mathematical Society, has also given a complete system of self and 
skew reciprocal functions of the cut Hankel transform. 


n ae (—2)" d’a* 


Thus 
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Again, 


r ¢. Pr. 
X,,(x) = xe d(—a)~” wera" Ly? (2x)} 


wa 


3] (y—2)”te-2vy* LI (2y) dy. 


Putting y = x+}t, this becomes 
x*-Y"e-t . t a 
—_____ | e-4v-1/)(2a-+-t){ 1+ —] dt 
PT (v) n (22+) 1+ 5° 
0 
(— —i(¥+0+1)4-4(a—v—1) 
=  — 2 wv Wyau—v+2+n,Hatr)(2%), 


by an integral representation of Whittaker’s function which I gave 
in a recent paper.* In consequence of (35) this can also be written 


X,,(z) = (— I" pn-ve-aynsn-» F(—n—a,»—n3 — 3}. (43) 


' n! 2x 

It is easily shown that, in general, 
®,, (x) = O(1) (x + 0), ®,,(x) = O(a"e-*) (x + 00), 
X,, (x) = O(a*)+O(x-") (a > 0), X,,(x) = O(a*t+"-"e-*) (x > 00). 


Hence 


2) 


1 
e72tya+n—-v of,(—m, l;a+l1, 1—yv; 22) F(—a—ny—n3 -5,] - 


0 
= (—)"2”-"—2-In!IP(a+1)P(1—v)b,n (44) 
is absolutely convergent whenever R(«) > —1, R(v) <1 
10. The most interesting particular case of the system (42), (43) 
arises when —v is a non-negative integer, / say. In this case ,/ in 
(43) is a terminating hypergeometric series, and both ®, and X,, can 
be expressed in terms of Laguerre polynomials 
Lyp—At Nl p—Ly-X+N Ln —_-»r)r 
Iie) = ee SS 
n! dx” n—r] r! 
r=0 
and ‘cut’ Laguerre polynomials 
__ rl 
Lege) = > (MPAA wy (46) 
n—r]}] r! 
r=l 
which are obtained by omitting the first / terms in L‘){z). 


* A. Erdélyi, Proc. of Benares Math. Soc. 1 (1939), 39-53, equation (23). 
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Instead of reducing ®, and X,, of the last section in the particular 
case v = —I (l = 0, 1, 2,...) to the polynomials mentioned above, I 
conclude by proving directly by ordinary partial integration that the 
functions (2) — glaWe-izL% (2) (nm = 0, 1, 2...) (47) 
and In(x) = x¥oVe-7 LO) (x) (n = 0,1, 2,...) (48) 
form a biorthogonal system if R(«) > —I—1. 

Plainly, both f,,(2) and g,(2) belong to L7(0,00) if R(a) > —I/—1, 
and hence the integral 


| Fan dc = [ emt Li, ee) Ler) dx (49) 
0 0 


is absolutely convergent. Now, from (45), 
dm (e~tgxtm+) 
dam+ 
l (qm(e—t#ya+mH Y 
_@ (e*2 ; = Ff! eax gO). 


(m+1)! ea L©, (2) = 


~~ dal dx™ 
Hence 


[tated In ad a = any J qe ei Oe x)} LO) ul®) dx 


—1)m! f 
= ae | ett L(atD(y # (Ls fe)} ax, 
0 
by integrating / times by parts, since the integrated terms cancel. 
From (46) it is easily seen that 
ALIX}(x) _ 
dx 


1 
and thus SLi fa) = (—1PL+(z). 


= —LEt})_, (2) 


mi ty aH J (a+) (a+1 
mem f° eH [het (2) Lt (x) da. 
0 
The last integral being known to vanish unless m = n, and to be 
equal to ['(a+/+n-+1)/n! if m = n, we get finally 


7 _ Pa+l+n+1) 
dx = 
| Inn de (n+l)! mn 


[R(«) > —l—1; 1, m, n = 0, 1, 2....]. 


I am indebted to Dr. Kober for many valuable suggestions. 


Hence | SnGn 2 = 
0 








KINEMATICAL RELATIVITY AND TEXTILE 
GEOMETRY 
By H. G. FORDER (Auckland) 
[Received 12 February 1940] 
THE connexion between these two subjects has not, so far as I know, 
been previously noted.* 

1. Consider any set of particle observers who can send signals to 
one another. We suppose that the observers form a one-dimensional 
series, and that, if signals be sent in both directions from any 
observer, one or other of these signals eventually reaches any speci- 
fied observer: We do not assume at present any method of measuring 
distances between observers, or of assigning dates to the times of 
transmission of signals, but we can nevertheless picture the argument 
by representing the varying positions of the particles and the tracks 
of the signals by curves in a plane. The plane and curves need not 
form continua; it is sufficient if they contain the points we need and 
satisfy the usual two-dimensional order relations. 

We suppose that two particles never collide, and that one signal 
never overtakes another. For convenience we suppose that any 
particle required is present, and that any signal required is sent. 
Thus through each point of our picture-plane we have three curves: 
(i) a ‘path curve’ representing the path of the particle, (ii) two signal 
curves representing the paths of the signals in the two directions. 
The path curves never meet, and signal curves of the same family 
never meet. Thus we have a 3-web in the sense of textile plane 
geometry. 

2. Our first problem is to assign a ‘date’ to each event, i.e. to 
each transmission or reception of a signal. We shall assume that, 
given two positions of a particle P,, there is another particle P, such 
that, if a signal is sent from P, in its first position and reflected from 
P,, it reaches P, in its second position; and that, if a signal is sent 
from P, in the opposite direction, there is another particle P, which 

* On kinematical relativity see in particular Milne, Relativity, Gravitation, 
and World-structure (Oxford, 1935); Milne and Whitrow, Zeits. fiir Astrophys. 
15 (1938), 263; on textile geometry, Blaschke und Bol, Geometrie der Gewebe 
(Berlin, 1938), and the papers there quoted; on the related questions of 


foundations see Forder, Foundations of Euclidean Geometry (Cambridge, 1927), 
and Reidemeister, Grundlagen der Geometrie (Berlin, 1930). 








KINEMATICAL RELATIVITY AND TEXTILE GEOMETRY 125 


serves the same purpose as P,. The corresponding curves are seen 
in one half of Fig. 1. 

We now affix dates or labels to the times of transmission of signals 
from P, and the times of reception of signals at P,. We do not assume 
that these dates are numbers. Consider three positions of P, with 
dates u, t,, t,. By our assumption, there P, 
is a particle P, such that a signal from P, 
at date wu after reflection at P, reaches P, "\/ ee Fi 
again at date ¢,, and there is another Ps 
particle P, with that property. If, then, Fie. 1 
the signal sent from P, at date t, after reflection at P, reaches P, again 
at date t, we write t,+¢, = t, where the plus sign denotes at present 
merely a functional relation. We shall assume that the signal from 
P, at t, after reflection at P, reaches P, also at date t. This is indicated 
in Fig. 1. We have thus a definition of the ‘addition’ of dates with 
respect to u, which takes the part of zero. 

We wish ultimately to compare our dates with real numbers, so 
that we naturally desire that the stretch of time from w to t, should 
‘equal’ that from t, to t,+¢,. We therefore assume at present that, 














if a signal from P, at date w after reflec- Ee B 





tion at P, returns to P, at date ¢,, then a P, 
a signal from P, at ¢, after reflection at 
P, returns to P, at date t,+t,. This as- 
sumption is represented by Fig. 2. The 
same figure shows t,+-t, = t, so that t,+¢, = t,+t,. Thus addition of 
dates is commutative. The associative law will follow if Fig. 3 always 
closes, as is easily seen. Thomson* has shown that the closure of Fig. 3 
follows from that of Fig. 2. Thus our assump- 
tions already secure that the addition of dates 
satisfies the usual laws. So far, observer P, has 
been in a privileged position; other observers can Fic. 3 
date their events in a similar way under similar assumptions, but there 
is no correlation between the dates assigned by different observers. 
3. We now assume that the dates for any one particle form an 
ordered set, and that, if ¢,, t, succeed u, then ¢,+-¢, succeeds t, and f,. 
We can define subtraction, and regard dates which succeed wu as 
positive, those which precede u as negative. We define 2¢ as t+-t, 
and can introduce }t, and any rational multiple or submultiple of ¢, 
* Reidemeister, loc. cit. 78. 


2 





P, 
Fic. 2 
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when we assume the existence of the necessary reflecting observers. 
Finally, if we assume the axiom of Archimedes and Dedekind con- 
tinuity for our dates, we can set up a one-to-one correspondence 
between our dates and real numbers, in which addition corresponds 
to addition. 

This correspondence is now to be set up along each path curve. 
Now suppose the points on the various path curves to which the 
same dates have been assigned are joined by a curve. Such curves 
do not intersect; through each point goes one such curve. The four 
families of curves we now have constitute a 4-web. We represent 
the new ‘date-curves’ by dotted lines. 

4. Milne calls two observers P,, P, ‘kinematically equivalent’ when 
they can so date their events that, if a signal from P, at date t, 
reaches P, at t; (date assigned by P,), and a signal from P, at t; reaches 
P, at t,, then ¢, is the same function of ¢, that ¢, is of tj. He shows 
that two observers can always date their events so as to be kine- 
matically equivalent, and considers the conditions which must hold 
if any number of observers are kinematically equivalent in pairs. 

A special case of Milne’s definition is this: P,, P, are equivalent, 
if signals sent from P, to P, and from P, to P, at the same (local) 
dates reach P,, P, respectively at the same dates. That is, we only 

assume that, if ¢, = ¢;, then t, = ¢,. This as- 
PR, sumption is represented in Fig. 4. 
If all our observers are equivalent in pairs, 
p, figures like Fig. 4 always close, and then by a 
theorem of Blaschke* the curves are topo- 
logically equivalent to four sets of parallel lines 
constituting the sides of parallelograms and their diagonals. Hence 
all systems of observers equivalent in pairs give rise to 4-webs topo- 
logically equivalent. 
We could use the date curves to define addition of dates, ¢ = t,+1#,, 


\ / 


ut, t 1» GH t 








Fic. 4 














Fia. 5 Fic. 6 
as in Figs. 5, 6. These definitions will be equivalent to one another 
and to that given earlier, when Fig. 4 closes. 
* Math. Zeits. 28 (1927). 
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Finally, if our observers are equivalent in pairs, then Fig. 7 always 
closes. 

Now, if we assume at once that our dates are in one-to-one 
correspondence with real numbers, then by Blaschke P, 
(loc. cit.) from the closure of Fig. 7 we can deduce SO- 2 
the closures of Figs. 2, 3, and, if we add the 2 
date-curves in obvious fashion, all the above con- r 
sequences follow. 

The assumption corresponding to Fig. 7 can be stated as follows: 
if particle P, be between particles P, and P,, and if signals sent in 
contrary ways from P, at one instant return to P, after reflection at 
P., Ps respectively at the same instant, then, if at the instant these 
return, two signals are again sent from P, in contrary ways, then 
after reflection at P,, P, respectively these also return to P, at the 
same instant. 

When this holds for each case, and dates are real numbers, our 
observers form a system of equivalent observers. 


Fic. 7 


5. If in Fig. 1 we define ¢ as ¢,/,, much of the above argument 
can be repeated with multiplication replacing addition. Instead of 
negative dates —t, —2t,... we now have ¢-', ¢-*,.... If we still wish 
for correspondence of dates and real numbers, which now must all 
be positive, we must assume that ¢-" tends to a limit as n tends to 
infinity. This limit event must lie on all path curves, which there- 
fore must proceed from a common point at a common date. The 
axiom of Archimedes prevents them from meeting again. When we 
took addition as basic, we could construct multiplication from it, 
as in the real number system. But with the present point of view 
the way from multiplication to addition is not so obvious. 





Fic. 8 


If we introduce addition as indicated in Fig. 8, ft; = $(t,+#), we 
can reach the relativity transformation, but as the work would only 
be a transcription of Milne’s, it may be omitted. 
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The two ways of dating clearly correspond to the two measures 
of time which Milne has introduced. 

It may perhaps be remarked that the figure corresponding to 
Fig. 2 in the present way of measuring time is a special case of 
Brianchon’s theorem, which is thus connected with the commutative 
law of multiplication in the same way as Pappus’s theorem has long 


been known to be. 








ON EXPANSIONS IN EIGENFUNCTIONS (II) 
By E. C. TITCHMARSH (Ozford) 
[Received 2 December 1939] 


1. Iy the previous paper* I showed that, if Z denotes a certain 
differential operator with respect to a variable x, the expansion of 
an arbitrary function in terms of the eigenfunctions of the differential 


equation Lib = Ab (1.1) 


could be obtained by considering the partial differential equation 
é 
_ op 
=F. (1.2) 
The solution of this by means of Fourier integrals leads to the 
required expansion. 

I now apply a similar method to some other cases.+ The procedure 
adopted is, however, slightly different. It is seen that the success 
of the previous method depends on the fact that the ‘spectrum’ of 
the operator Z is bounded in one direction. To include cases where 
this is not true we proceed as follows. 

Consider the equation 


Ly = im (—0 <t< 0), (1.3) 
and suppose that this has a solution ¢(x,t) which is O(e4") as 


t > -Lo0, and which reduces to a given function (x) when t = 0. Let 


eo 


| a(x, the dt, 


0 


1 


V.(z,w) = 
(2, w) Ven) 


0 
P (2,0) = ais | a(x, te dt, (1.4) 
(27) 


where w is a complex variable. These functions exist for I(w) suffi- 
ciently large and positive, and sufficiently large and negative, re- 
spectively. They are the functions which occur in the generalized 


* J. of London Math. Soc. 14 (1939), 274-8. 

+ A general theory of these ‘singular’ cases is given by H. Weyl, Math. 
Annalen, 68 (1910), 220-69. 

3695.11 K 
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form of Fourier’s integral theorem given in my book.* The reciprocal 
Fourier formula is 


ia+ o ib+ « 
1 R : 1 : 7 
h(x, t) = —— V(x, we dw + — = [ Y_(a, we dw, 
\ (27) J (- 


ia— © ib— x (1.5) 
where @ is a sufficiently large positive number, b a sufficiently large 
negative number. 


We have formally 


DM, ee [ Libet dt 
(27) . 


i. * 


= if ema 
(2a) J at 
0 


x 


ae ee, ity?» Ww _ a 
= Janel +355 | et dt 


0 


aw p(x)+wt,, (1.6) 


~ al(27) 


if £(x,0) = %(x). This is an ordinary differential equation for Y’,, 
and conditions are imposed which determine it completely. Similarly, 
‘_ is determined, and (x,t) is then given by (1.5). The required 
expansion of %(x) is obtained by using Cauchy’s theorem in an 
appropriate way, and putting ¢ = 0. 

2.. To illustrate the method in a familiar case, suppose that 


an ‘ 
o* C 
L = —+cotr— 
Ox" Ox 

“of © . 

, . a C 

A solution of J +teotx a al 
7 o !I > | 
a Cx 


v(v+ 


y 


i | cos(v+ 4) 7 cos(v+-4)Z " 

j,(z) = a (a= - | Ooo 
27 J (2cos¢—2 cos 2)! J (2cos€—2cosz)! 

od . (2.3) 

where C is a closed contour surrounding —# and x but excluding 

the other singularities of the integrand, and the value of the square 

root in the first formula is chosen so that, in the second formula, 





* Theory of Fourier Integrals, §§ 1.3, 1.25. 
Y g 33 
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the square root has its positive value. Here f,(2) is an even integral 
function of v+4, and so an integral function of w if w = —v(v+1). 
Another solution is me g,(z) = f,(7—zx). Also 


J “(cost ° ~~ PU+h)PG—h)’ 
4 


—in 


fA na {eee vrHNE gy 


2m J (2cos¢) ; 
_ __1 f cosv— 3)¢ cos €—sin(v—})¢ sin £ 
ae | (2 cos Z)! 7 


and 


Integrating the second term by parts, we obtain 


v (ee 4 d= 5 —vvr 

2) (2c0s£) P+ h)yrd—h)’ 
é 

Hence 


f,47)9,(47)—9,(37)f,0 


© ai 
and hence f,(x)gi(x)—9,(x) f(a) = __ 2sinvz 


sing  msinx’ 


The general solution of (1.6) in this case is therefore 


¥. = Af, (x) + Bg,(x)— ote - {a f fosiny Hw) dy + 


SIN v7 


+40) [a (y)siny Hy) dy}. (24) 


As x0, g,(x) > 00, so that we must take B= 0. Similarly, by 
considering x7, A = 0. Thus ¥, is determined; and a similar 
argument shows that VW_= —’,. 

The function ¥, has poles at the points w = —n(n+1) (n = 0, 
l,...), corresponding to v = n. Now 

fir(x) ad P, (cos x), 
g,(«) = P,(—cosx) = (—1)"P, (cosa 

and 
dv, _, —1)"-n 
sinvz = m cos na {w+n(n+1)}-+... = — {w+n(n+1)}+.... 


2n+1 
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Hence (1.5) gives 


= 


h(x, == ein(n+IM(n + 4)P, (cos x) {z (cos y)sin y p(y) dy, (2.5) 


n=0 0 


and the expansion of ¢(x) follows if we may put t = 0, d(a, 0) = d(x). 


3. The analysis so far must be regarded as purely formal, since 
we do not know a priori that (1.3) has a solution with the properties 
which have been assumed. We could use an argument similar to 
that of the previous paper to justify the process; but a more direct 
method is as follows. 

To make the argument as simple as possible, suppose that ¢(y) has 
continuous derivatives of the first and second order. Then by (2.2 

x x 


| frsiny oon dy = san | eas sin y+ Zecosyl wy) dy 


0 


i) re sin x b(x)—f,(x)sin x p(x) + 


1 


+ | Lu eosy ¥y)+siny yy} ay}, 
0 
Similarly, 


r l 
si 1 = a ; x ‘la + 
J g,(y)sin y b(y) dy eEI|~ in x b(x)+-9,(x)sin a p’ (x) 


+ J g,(y){cos y p(y) +sin y "(y)} iy} 


Hence, defining ‘V’, by (2.4) with A = B = 0, we have 


ip() 
(27)4v(v-+1) 


-- 


Zz 


4 ina {as | f,(y){cos yb’ (y)+sin y b"(y)} dy + 


2*y(v-+1)sin vz 


+h(«) | g(y)icos y p'(y)-+sin y p"(y)} ay}. (3.1) 


xz 
Now for large v, 0 << 4 < 7, 


fie= of \ (3.2) 


\|v sin a|? 
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|I(v)| _ Alv|, 


1 r cos(v+-4)f me 1 r eb iKv) 
a 4(a2-+-Z)sin $(a—Z)} = of 


sina)! J (a—Z) a| 
0 


= of 0, fet a) = of et 
(sin 2)! ra } | I(v)sin a|4 
0 
and (3.2) follows. 
write 


Otherwise, i.e. for v real or nearly so, we could 


iv +-4t 
f(x) —_ : | 7 z 


Ww 
tio io 

‘ al = 1 [ + 

a J (2cos€—2cosz)! m\ J 

Cc (—z+) (z+) 
.ccording as R(v) is positive or negative, and argue in a similar way 
with these integrals. 


From (3.1) and (3.2) we obtain 


t= —_ 


(277)'v(v+ 1) 
ie) of 1 
~~ (277)hw T ‘wi? 
except in the neighbourhood of the poles 
round a large semicircle therefore gives 


(3.3) 


The usual integration 
i+R 
lim V(x, w) dw = h(x). 
Rw (277) 
i-R 
Similarly for ‘¥_. The result 


=> (n+ 4)P, (cos x) | P, (cos y)sin y &(y) dy (3.4) 
c 0 
therefore follows from the calculus of residues 


 ° 


It is also easily seen that x(x, t), defined by (1.5), satisfies (2.5), the 
series converging uniformly with respect to ¢; ¥(x,t) is bounded as 


st) i 
and satisfies (1.3), so that the conditions originally assumed 
actually hold. 


The expansion (3.4) can be proved under the ordinary conditions 
c 4 


for Fourier series by considering in more detail the nature of f,(x) for 
large v. The general theorem on Sturm-Liouville series* can also be 
proved in a similar way 


* See E. L. Ince, Ordinary Differential Equations, 273-8 
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4. The example 
ez 


L=—+%4 (0<2x< 0) 
ex? 


is considered by Weyl* as a case where the spectrum covers the 
whole range —oo to 00. Here solutions of (L—w)f = 0 are 
f= (@—w)(X),  g = (@@—w)l¥,(X), 
writing for brevity 
X = 3(x—vw)}, Y = 2(y—w)}, W = 3(—w)!. 

Also .. —q- ay = . 
Cx Ox WT 

The general solution of (1.6) is therefore 

J(27)¥,. = A(a—w)J,(X)+ B(a—w)t AY (X)+ 
+4n(e—w) HP (X) | (y—w) (ly) dy + 
0 


x 


+4a(e—w)!J,(X) | (y—w) HHP (Y yy) dy. 
This is the appropriate form since, for a fixed w in the upper half- 
plane, 
= 3\4 
y—upHerr) ~ (=)! 


7 


(y—w)! exp(—tY + jy) 


7 


3\1 
~ (7)? : _exp{—i(zy!—wy!—}n)}, 


(y—w)* 

which is exponentially small as yoo. All other solutions of the 
equation are exponentially large. Hence A = 0. The constant B is 
determined by the assumption that (0,¢) = 0 for all ¢, which gives 
¥Y'.(0,w) = 0 for all w. Hence 


J,(W) 
"H2(W) 


a) 


(x—w)H(X) | (yw) iy) dy + 


0 


—thr 


+ 4n(x—w) Hi? (X 9) [ yw) tA (Y bly) dy + 


0 


+4n(x—w)! HX) [ Y (y—w)! HY (Y rb(y) dy. 


zx 


* Loc. cit. 267-8. 
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Similarly, V_ is obtained by replacing H{ by HY. Substituting 
these formulae in (1.5), and making a > 0, b > 0, we obtain 


1 i I(X)¥\(W)—¥y(X)J,(W) 


—_a)te-itw 
3 H(W)H2(W) (x—w)te—#” dw X 


(x,t) = 


x | AYR (W)—YK(Y)(W)}(y—w) by) dy. 
0 
Putting t = 0 we obtain Weyl’s result. 

A rigorous proof can be constructed as in the previous case by 
means of the known asymptotic expansions of the Bessel functions. 
We have, for example, for large w, 

F ‘ Zei(X-Y) i(—w)k(y—z) 
(c—w)!H2)(X)(y—w)4J,(Y) ~ —“* pas ps 
, a(a—w)'(y—w)* = x(a—w)*(y—w)? 
where, to agree with the values already taken, —}z < arg(—w)? < 0 
for 0 < argw <a. The term involving this expression is therefore 
small in the upper half-plane. 
5. Another interesting example is obtained by taking* 


L= i He 6 <<a), (5.1) 


oO 
On * # 


a 2 
x 


2 


Ox 
where c > 0, and k is a positive integer. A solution of (L—w)f = 0 
is now iK+0 : 
. 1 e-ers 7 
f(x, wv) = aktt | (L—ivw)k+-9(f+ iv) ete df, (5.2) 
iK—© 
where a = }c/Vw, —4a < arg Vw < 4x, and K > R(vw). Another 
solution, g(a, w) say, is obtained by taking the integral between the 
singularities of the integrand, e.g. along the real axis if R(vw) > 0. 
If w = ue'* (wu > 0) indentations are made above u and below —w, and 
vice versa if w = ue-**, In each case (Civw)* = exp{alog(f+ivw)}, 
where the logarithm has its principal value when R(¢) is large and 
positive. 
Since 


d\2k+1 : aa 
(*;) (C—ivw)F+*(f+-ivw)*-% 
dl 
= a(a?—1)...(a2—k?)(2ivw)?*+1(f—ivw)-*-1+4(f-+- ivw)-*-1-4 


* See E. Schrédinger, Abhandlungen zur Wellenmechanik (Leipzig, 1927), 
3-10; Hilbert-Courant, Methoden der math. Physik, I. 2. Aufl., 294-6. 
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we can integrate by parts 2k+-1 times, and obtain 


gk 


cata) aE | (SiMe + svayhnetet a, 


(5.3) 
where the contour must now be bent into the lower half-plane or 
made into a closed curve; similarly for g(x, w). 

The differential equation now gives 


f(x, w) = ; 


a 4 w) . 

fZ = (u ? (5.4) 
dx * Ox a 

where ¢ is a function of w only. Denoting the integrals in (5.2) and 

the corresponding formula for g by p(x, w) and q(x, w), 


a\m __4/\m 
Taking the integral round a circle whose radius tends to infinity, we 
obtain the value 0 (m < 2k), (—1)*2a (m = 2k+1). Hence, differen- 
tiating (5.5) 2k times and putting x = 0, 
(—1)*2mq(0, w) = (2k)! d(w). 
If k < R(«) < k+1, 


‘ 1 1 
q(0,w) = (1—e~***) | pessem Sagar 


| —e-27ia [ urk du — (2k)! (1—e-27ia) 


~ (Qivw)2 J (wet ~ (a—k)(a—k+1)...(aEk)(2ivw)ye’ 


0 


and the result follows by analytic continuation for all «. Hence 


— 2mi(1—e-27#2) 
Ww) = - 
d(w) 


(c?—4w)...(c?—4k?w) 
The general solution of (1.6) is now 


Poe ee asta ig(a, w) r mere ~ 
E, = Afte, w)+ Bole.) — Gr | Sy. won) dy 


0 
ioe 


% ane | gy, w)y*ply) dy. 


x 


(5.6) 
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Since f(x, w) is large for large x, and g(x,w) for small x, A = 0 and 
B=0. Also ¥_ = —Y,. 
The singularities of ‘, are poles at 
c2 
"= da thpIy 
and a branch-point at w= 0. It follows from Cauchy’s theorem 
that f(x, w,) = g(x, w,). Hence (1.5) gives formally 


w=u (=o = 0, I,...) 


=" ys, Wy) | fy, Wh )y*b(y) dy + 


+ 1 | Ose, mel) +9", wet )jet das 
v(2z) J 


oe van 82 n! (n+k-+1)%*+4 
— Pen) = ~ a8 (mt 2k-+1)! 


Also f(x,w) is a one-valued function of w, while it is easily seen by 
considering the appropriate contours that, for real positive wu, 

g(x, we'™) = f(x, —u)—e-7l* "g(x, ue-*”). 
Hence 


g(x, ue”) g(x, ee __o(c?+-4u)...(c?+-4h*u) f(x, —u) 
d(ue'™) d(we7) 2m 1—e-ev ue 
Hence 


ab(x, t) 





@ 


v c2k+s3 _(n+2k+1)! Waser ee baa. r il d 
= Z ea ee fle, wp) | flys ndy*iy) dy + 
n= 0 


l [eae enefte, —u) de | fy, —wy*ply) dy. 
4rr2 l—e-7elvu 
0 


0 
The expansion of x(x) is obtained formally on putting ¢t = 0. 


6. The function f(x,w,,) can be evaluated in terms of Laguerre 
polynomials. We have 


eta’ df, 


a a tee 


1 n 
f(z, w,) = get | {t— sere} {f+ 2(n+k+1) 
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where the integral may now be taken round a closed contour in- 
cluding the pole. Putting 
P i iC’ 
2n+k+1) 2x’ 
we obtain 


. nw 


i J F v 
(a, w,) = i(—a)ke 2m t+k+1) + —— eet is. 
fle, Wy) = i(—2) | (e+aeaye c 
The Laguerre polynomial of degree p is 


? ' hd 1po—C ' , 
aia e(4)'eer ad ef | or t dt = 2 (¢ 


dz 2Qat J (C—z)P+t 2a 


ef de’. 


1)2 re (7' 1 »\p—m 
Hence LM) (z) = (p!) (¢ T z) 
yy 


27i(p—m cen 
Hence 
__ 1 )\K4+1y! 9anvkp 2(n a 7 1) . 
fix, w,) = (—1)*+1n! 2aa*e Lekty x (6.1) 
= f 1 Prt y)!r2 n+2k+1 eT ; 
{(n+ 2k+ yy n--K-- 
The simplest formula for f(x,—w) is obtained by taking the 
integral in (5.3) along the straight line joining —ivVw to ivw. We 
oS Co] fo] to) 
obtain 
J(x, w) 
1 


o\ Ka yk+4 in 1 lal; » . . 
—2)*w*+t4 sin dac/vw OVE ¢ 1—7 ; 
= ( al ~ 27 . (1—r?)* cosh log +arvw} dr. 

c(c?—4w)...(c?—4k*w) 2vw ~1+r 
F (6.2) 
This gives a real formula for f(a, —w). 

If c = 0, f(~, —u) reduces to 

(—1)ka! 
Ke D-Boy dk +t” 


Tiig(avu), 


and the expansion reduces to Hankel’s formula involving Bessel 
functions of order k+-}. 
7. To justify the process we have to consider ¥’, for large w and 
also for small w. For large w we proceed as in previous cases. By (6.2) 
1 
f(x, w) = O\=" [ (1—r)ker7Row) ar| 


0 


1 
— O [teem | pke-apRw w) ap| = O 
0 


{ agkerRv w) 
\{aR(vw)}* 5| . 
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If |R(vw)| > A}viw}, it follows that 
et iRWw)| 
fies) = O(a) 
As in §3 this holds for the remaining values of w by deforming the 
r-integral. Similarly, 
0 e-tR(v w) 
g(x, w) = (aes) 
The procedure for large w is now valid if #’(~) and %"(x) are L(0, 00). 
We have next to prove that 
lim | V(x, w) dw = 0 


na 
n 


if y, is a suitable curve surrounding the origin and including the 
poles W, 41, Wp+2>--- but excluding wp,..., w,. Suppose that ¥(x) = 0 
for x sufficiently small or large, so that we need not consider f(x, w) 
and g(x,w) for «+0 or xo. Then f(x,w) is bounded for small 
w; in fact, as w—> 0, |C| > A, 

—ivw\* , 

(Fea ch dita 
iK+a 
e—ixl—ie| 


n° 


—1)"2rJon (v2) 


ia! 


2k+2 (2c)?"+1 Wa 


iK~o 
Also it is easily seen that 
g(x, w) = h(x, w)—e-"f (x, w), 
where 
~~" e-tat 
Te a, a 
(C—ivw)k+1-%( f+ ivw) tit 
(ivw+) 


(C—ivw)*+(L+iveo)h-ae-iet al, 


a 
= c(c?— 4w)...(c?—4k?w) 
where the line of integration is bent into the lower half-plane. Taking 
as part of the contour the straight line from ivw to ivw |w|-? de- 
scribed twice, this part gives 
Iwi~! 
(e-t7el¥e__ 1 )(inw)?*+1 | (r—1)*+%(r-+-1)*-*e""9" dr 


1 
jw|~* 


ia Of jeter —1 joj | (r2—1)* ar| — O(\e-*7el¥"— 1 ]), 


1 
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since R(«) > 0. The remainder of the integral can be taken so that 
|| > A, and then tends to a finite limit as in the case of f(x, w). 
Hence for small w 

g(x, w) = O(\e-*el¥"|)4+- O(1). 
It is now easily seen that Y’,(2,w) is bounded on a system of curves 
such as is required, and the expansion of #(x) follows. 

The conditions imposed on ¢(x) can no doubt be relaxed, but as 
this seems to require a good deal more discussion it will not be 
attempted here. 

8. It may be worth while noticing how some comparatively trivial 
cases are included in the method. Let 


x, 
L=1— (—70 <4< 0). 
ox 
Then (1.6) gives 
: e-iwe ° : ; 
¥ (a, w) =—-A = [ b(y)ey dy + Ce-ivz, 
‘ v(27) J 
0 
where C is independent of x. Since this must be bounded for a fixed 


w, I(w) > 0, and x > 0, 


ao 


] 
C=-, ) | w(yje dy. 


\\<7 


~~ (2m) 


= z 


Similarly, 7. [ v4 yet dy. 


. F 
Hence a db(yjey dy. 


Substituting in (1.5) and ais a—>0,b+0, 


“7 
ny 


yb(a, t) a bs [ e-toane dw [ wyer dy, 


i.e. the expansion is Fourier’s integral formula. 
If L=2z 
then Y= win) ‘ Y = 
* (2m)(w—z) 
and (1.5) gives h(a, t) = d(x)e-™, 
The ‘expansion’ is therefore the identity %(~) = (x). 


— typ(x) 
/(2a)(w—a)’ 
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By E. C. TITCHMARSH (Ozford) 
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1. Iy this note I consider the expansion of an arbitrary function 
in terms of Hermite polynomials. 
We proceed formally as in the previous paper. Consider the 


solution (x,t) of Ep ys 
ae A 1.1 
Lh = th = 1s (1.1) 


which vanishes as x -> +00, and reduces to a given function ¢(x) 
when ¢ = 0. If 


(2, 0) = a | yb(x, the dt, (1.2) 
v(27) ; 


we obtain as before 
LY, = — ixb(x)/,)(2a)+ wt’... (1.3) 


Now two (in general) independent solutions of (L—w)f = 0 are 


(1.4) 
and g(x,w) = f(—a,w). Here 
{Het = expf{(dw—J)log &}, 
where the logarithm starts at infinity with its imaginary part zero. 


Also 
(0+) 


S(O, w) == T'(4—4w) ( ent ghw-4 dt 


ao 


= —T(}—4u)(e4 1214+ Jw), 


and similarly 
f,(0,w) = T(—}eo)(et™" 1) 204 P(3-+ fv). 
From the differential equation, fy,—g/f, is independent of x, and is 
therefore equal to 
{(0, w)g,(0, w)—g(0, w)f,(0, w) = —2f(0, w)f,(0, w) 
= 2itwrtele/T(h-+ Jw) = (te), 
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say, by the usual [’-function formulae. The general solution of (1.3) 
is therefore 
Y = Af(x, w)+ Bg(x, w)+ 


x 


+4 roth w) J aty.weily) dy +a) [yw wyny) dy} 


(1.5) 
where A and B are independent of x. To make ¥, bounded as 
x —> —oo we must take A = 0 (the part of the integral (1.4) in the 
neighbourhood of £ = —2z# gives a term e!”). Similarly, to make 
YY. bounded as x > co we must take B = 0. 


Also clearly 0 


b(a, the dt = —V.(x,w). 


. 
— 2 


Hence 


ia+ «2 ib+ @, 
b(x,t) = - ; ( [ — [ )y. (x,wye“"’ dw (a>0,b< 0). 


(277) \_ =, 
ia— ax ib— a (1.6) 
Now ¥’, has poles at w = —2n—1 (n = 0, 1,...). At these points 
1/¢(w) has the residues 


(—=1)"-12"-t9H/n 


A lso 


fl, —2n—1) = nle-# [ e-*t-1tg-» dt = 


(0+ ) 


n! et 
; Qn 


el d\" . Omi , 
sel (G) "= ‘(—1)"e4"H, (2), 


Qn dx “On 
where H,,(a) is the Hermite polynomial of degree n; and 
g(x, —in—1) - (—1)"f(z, —2n—1). 


The calculus of residues applied to (1.6) therefore gives 


x 


—. g(2n+1)il F c Z 
Ux,t) = > eH, (a) | eH (yy) dy. (1.7) 
ore, 


n 
— 


The expansion of (x) follows on putting t = 0. 

2. The above result will now be justified for a certain class of 
functions (x). 

If (x) belongs to L* over a finite interval (—X,X), and is zero 
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outside this interval, YW’, and any of its derivatives are exponentially 
small as 2 > -+oo. Hence 


j% . LY. de = |, LY, dx 
by integration by parts. Using (1.3) this gives 
| (H+ Hye) de. 


= @ 


(w—@) J (|? da = - Tae) 
Hence, if w = u+iv, v > 0, 


@ 


WP? dx <- [ iP, ap| de 


2 
S Jen) / 


@ 


J IW? de 


i, A 
so that* |Y, |? dz < — les(ar) |? da. 
= & O 
This also holds for any % of L?(—0o, 00), since, distinguishing the 
above functions by a suffix X, 


lim [ Y, x[?dz= [ (, |? da 
X+0 J) A 
for a fixed c. Now 
xldax< "xl? da <= [ lbx|?>dax< me les |* dav. 
The general result therefore follows on making first X +o, then 
Cc —> 0. 
Again, if € < 2, 
(x) = [ (6y—2x—4€)¥,(y) dy + [ (e—y)(y—€E L(y) dy 
é é 
by integration by parts; and by (1.3) the last term is equal to 


[ ey —€ yeh) +wFy)— Ta ay. 
Jz) 


* The proof of (2.1) is taken from M. H. Stone, Linear Transformations in 
Hilbert Space, 143. 
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Now 
[ @—wy-8PE.) dy) <( a sly)? dy} * 


"e 


“ia < C(z— 


1 
where Bee 
2a 


Similarly, - 
12 
[ @—yy—€)'yF,y) dy | < C(e—8)t max(e?, £2)v, 
z | 


| { @—yy—€? #Y) ay 
lg (27) 


| [ (6y—2@—4é)F,(y) dy 


< C(x—€)i, 


(lel max(. ee) —. 
lv v ¥ T (a—€)iv’ 
To make the first and last terms of the same order, take € = x—|w|-#. 
We obtain, for a fixed x, |}w| > A, v > 0, 
F(x) = O(|w|*v-"). (2.2 
3. Now suppose that % and y’ are absolutely continuous, and that 


ob” (2)—a*b(x) is L?(—o0,00). Then 


[W()| < Cag) 


co 


| fly, wybly) dy = | (FA st) y) dy 


z 
2) 


-.. , ' i ” 2 
=2(-Zowm+sew'er+ [nw wrod 
and similarly for the other integral in (1.5). Hence 


¥, = eis + Ties Jw) tie: w) { gy, w){b"(y)—y*b(y)} dy + 


— <x 
i 


| +9(e,w) | fy, wih"(y)—yby)} dy 
inb(ae) of 1 ; (8.1) 


~ (2m)w ©“ \ojw/?]? 
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by (2.2) with %”—y* instead of 4. The usual integration round a 
large semicircle therefore gives 
ia+ 


Y,(2,w) dw = I(x) (a > 0). 


V(27) 
Similarly, 
W(x, w) dw = I(x) (b <0). 
“b> w 
Again, if F(w) is regular and |F(w)| < M/\v| for —c<u<e, 
—c<vc<e, then |F(w)| < 3M/c for u=0, —c <v<ce. This is 
easily seen by applying the principle of the maximum modulus to 
(w?—c?)F(w). We deduce that 
P(x, w) = O(|w|-) 
on the segments of uw = +2, +4,... in the strip. This justifies the 
application of the calculus of residues to obtain the series (in the 
case t = 0). Hence under the conditions stated 


@ 


—}2? ~ 
wean) = SY eH yty) dy. (3.2) 


n! 2"art 

n=0 on 
Proofs of this formula under more general conditions have been 
given by Weyl* and Szegé.+ No doubt it would be possible to 
extend the present method by a more detailed discussion of the 
functions involved. The main point of the proof given is that it can 


easily be extended to other expansions. 


4. If we merely require a convergence-in-mean result, we can 
argue similarly with the function 


{ We) (x, w) de 


instead of ‘¥,. We obtain the Parseval formula 
g 2 


; 8 ‘2 

[ wey? dx = Zz aa | eH, (x)yp(a) da 

= n=0 oa 

The process is justified if p”—a*b is L* by (2.1), it being unnecessary 
to prove (2.2). The mean-square theory for all % of Z? can then be 
deduced by familiar arguments. 

* H. Weyl, Math. Annalen, 66 (1909), 273-324 (306). 

+ G. Szegé, Maih. Zeitschrift, 25 (1926), 87-115. 

L 








ON THE FRENET FORMULAE FOR A J,, IN A J, 
By YUNG-CHOW WONG (London) 
[Received 13 December 1939] 
1. Introduction 
In a V,* the Frenet formulaey for a curve (C) &* = &*(s) (s = are 
length) 
_ 66° == e(—« we + « ik ); 
x x 2zrz-1l £+12+1 
, ; ‘ eX ar _ 
5, = iV, <= = 2 2 e= i*i, =a, = +1 
; ’ 0 ds z= x 22 
(x not summed), 
k=kKk=.=£=0 @@=2%, k;k+1 <n) (3,4) 
0 k+1 n 
are usually established without being given any geometrical meaning. 
But as early as 1922 Struik,{ in treating the case when J, is ordinary, 
hinted at this point. He called 


(5, ir) dd, 
0 


m= (2ei*)(8st)}) = Ge 


ay ee ee 
= (2! (8,3 ; 4) (85 t0e, Hea} = ee » @bde., 


(5, glinnge) 
\"o 1 /m 
the ‘geodiitische Richtungsainderung’ with respect to s of the tangent, 
the first osculating space, etc., and obtained 
dd, 
$, (1.2) 


- = ££, 
ds x 


although he did not give any concrete geometrical explanation as to 
what ‘geoditische Richtungsinderung’ really meant. Writing 
de,/ds = (8,7*),,, he also gave 


(1.3) 


* We denote by V, a real Riemannian n-space with coordinates &* 
(« = l,...,»), fundamental tensor a,,, and symbol of covariant differentiation 
V, AV, is said to be ordinary if a,, is positive definite. 

+ Here k,..., «; 7*,..., 7* are respectively the curvatures and the unit principal 

k 1 k 
normal seahaien of (C) relative to V,. See, for example, Schouten-Struik (8), 
II, 14, (2.15); Eisenhart (4), 106, (32.16). 
t Struik (9), 72-7. 


+ * 
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and the generalized Lancret’s formula 


2 2 
(a) -(Z) +...=0 (n> 2). (1.4) 

A little later in 1924 P. Dienes,* by means of his theory of trans- 
ported affinors and the definition of the angle between two affinors, 
succeeded in proving that the (x+1)th curvature at a point P(s,) 
of a curve (C) in aV,, which he defines as the arc-rate change of the 
angle between the xth osculating space R,,,,(s)) and the linear space 


R...,(C;8||8))f as s approaches 8», is identical with the « in the 
z+1 


Frenet formulae. About 1930 Hlavaty{ arrived at more or less the 
same idea; he used the angle between i*(s) and the auto-parallel 
x 
vector i* (C;89||s) instead. In 1934 H. Levy,§ independently of the 
Z—1 

others, gave a similar geometrical interpretation to formula (1.3). 
The purpose of this note is to generalize (1.3), which is concerned 

with a single principal normal or with the tangent of a curve, to the 

case ofa V,, inaV,. The resulting formula gives a geometrical inter- 


pretation to the symmetric affinors ‘H: "HA, of V,,. It contains 
moreover, for the case of a curve, both (1.2) and (1.3) as particular 
cases. The method which I use here is a generalization of Hlavaty’s. 
Throughout this note when we consider any function of &* or of s, 
it is understood that it is real and continuous, as well as its deri- 
vatives of such order as appear in the discussion. 


2. R,, and auto-parallel #,, along a curve** 


In this section I give some preliminaries which are necessary for 
the later work. Although most of the results which we shall obtain 


* Dienes (2), § 21, where he considered the more general case of the curva- 
tures of a vector along a curve in a ‘linearly connected tensor space’. 

+ In general, we denote by Q(C; 8 || 8s) the geometric object obtained by 
transporting a geometric object Q(s) parallelly from P(s) to P(s 9) along (C); 
evidently Q(C ; 8 || 8) = Q(89)- 

{ Hlavaty (5), 7-9, where he considered the case when J, is ordinary. 

§ Levy (6). 

** We denote by R,, (m <n) a linear vector m-space in the local (linear 
vector space) R, of V, not tangent to the null-cone of R,. Thus in an R,, 
there exist infinitely many (real) m-Beins; and conversely, an m-Bein spans 
an R,,. Here by an m-Bein we mean a set of m mutually orthogonal unit 


vectors. 
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are more or less known, they will appear here in a form more suitable 
for our purpose. 


Let j* (a, b, c, d =1,,..., m) with 


b 
. . —— . =) Ca a 
In —_ Ay)*) si oma 
a ab 


ab 


€ = €...€ 
1 ™m 


be an m-Bein in an R,,, and let the (simple) m-vector j**-*» be 
formed from j* by the equation 


a 


1 ] 

AK yeoeKm NGs a Ay. Omyk i ee 
ere J 1... == =e 3 4 Si = 
1 m mM: ay Gm m. i, 


m m 


We shall now consider the effect on j~*» of a transformation from 
4* to another m-Bein ’j* in R,,, for which ’e, ‘e, and ‘e are defined by 
a a aba 

equations analogous to (2.1). Let the transformation be 


T: ii —_ eit, 


a ac 


F 
where it is seen that the m? scalars c are uniquely determined as 
{uct} 


a 
soon as j* and ‘j* are given. Then we have 
a a 


“pkKieKm — A jkeKm, A (2.3) 


c d 
rn rye > iinet 
From anf" ja = a,c j* cj 
a b ac bd 
and (2.1), it follows that 
cd 
‘e=<€Ce, 
ab cedab 
‘y (det(e)\? 
and thus det( a) = det( < }\det(c)| : 
ab ab ‘d } 
that is ‘6 = eh. 
Since only real quantities are considered, the last equation is equi- 


valent to : (2.4) 


(2.5) 
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Hence, combining (2.3) with (2.5), we have 

THEOREM 2.1. Given an R,, the m-vector j*~-*» is determined to 
within a sign. 

A converse of this theorem is 

THEOREM 2.2. If the m-vectors j*~*» and 'j*--*» formed from the 
two m-Beins j* and 'j* differ from each other by a scalar factor, then 

a a 


‘ tiie 
j* and 'j* span the same R.,,. 
a a 


The proof is easy. From 
4 AK yKm — jp HC ye 
J 1 a= Pj 1 m 
2 m 2 m 
7 aw 4K yo n'a ‘4 = pK yoo m'9 a) 
we have JP" Say Stem = OF Jaye Ita 


Therefore ‘j* is a linear combination of j*, and in like manner the 
1 a 


same is true of each of 'j*. 
a 


Equation (2.4), which will be used later, shows that « is indepen- 
dent of the choice of the m-Bein j* in R,,.* For this reason we call 
a 

e the signum of R,,. 

Let (C) be a curve in a V, with arc-length s and unit tangent 
vector i*. An R,,(s) defined along (C) is said to be auto-parallely 
[along (C)], if it contains m independent auto-parallel vectors. 

Let u*(s) (a, b, c, d =1,..., m) be m independent auto-parallel 


a 


vectors contained in an auto-parallel R,,(s), then 
a — 9 
5, wr(s) == @, 5, = w#V,,. (2.6) 


c 
If w*(s9) is a vector in R,,(9), there exist m constants a such that 


c c 
UX(8 9) = auX(8»). Now the vector aw*(s), which lies in R,,(s), coincides 
ec c 


with w*(s,) at P(sy), and, because 
c ) ec ; 
6,jau"(s) | = a, u"(s) = 0 
c c 

* Since the transformation 7 corresponds to a real non-singular linear 
transformation from one normal form of a quadratic form to another, this 
confirms the law of inertia which states that the numbers of positive and 
negative € are invariant under such a transformation. 

a 

+ Cf. Duschek-Mayer (3), 122-3, where, for the case of an ordinary V,, a 
condition for the auto-parallelism of an R,,(s) with fundamental tensor ‘a,, 
is given as 6, ‘a,, = 0. 
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by (2.6), it is auto-parallel along (C). Therefore au*(s) = u*(C; 8 || 8) 
and we have : 

THEOREM 2.3. An auto-parallel R,,(s) has the property that, if, at 
any point P(s,), u*(8,) is an arbitrary vector in R,,(89), then the auto- 
parallel vector u(C; 8, || 8) lies in R,,(s) all along (C). 

We shall now prove 

THEOREM 2.4. Let j*-*m(s) be formed from an m-Bein J “(s) in an 


R,,(s), then R,,(s) ts auto-parallel if and only if 
5, j<*m(s) 0.* (5 


Proof. Since parallelism preserves length and orthogonality, it i 


bo 
~I 
~— 


always possible (and in an infinite number of ways), by Theorem 2.3, 

to find in an auto-parallel R,,(s) an m-Bein ‘j*(s) such that each of 
a 

the vectors ‘j*(s) is auto-parallel, ie. 5,’j*(s) = 0. Hence, by 


a 
Theorem 2.1, 


8, jrr~tn(s) = 18, 'f~Xm(s) = + Y “7N...(8,’jXe)...'fml = 0. 
et a 


m 


Conversely, let j***»(s) formed from an m-Bein j*(s) satisfy (2.7). 


a 


Then the m-vector j***»(C; 8» || s) formed from the m- Bein (C3 8 || 8), 


which spans an auto-parallel R,,, also satisfies (2.7). Now both 
jke-km(s) and j**m(C; 85 ||) are solutions of the system of ordinary 


differential equations (2.7), and, since j*(C; 89 || 89) = j*(S9) and con- 


a a 
jee’m( C5 8 || 89) = J**m(89), (2.8) 
they have the same value at P(s,). Therefore, they must be identical. 
Hence the &,,(s) spanned by j*(s), being identical with that spanned 
a 


sequently 


m 


by j*(C; 89 ||s) by Theorem 2.2, is auto-parallel. 


3. Angle between R,,(s) and R,,(C; s)\\s); a generalization of 
a formula of Hlavaty’s 
Let the auto-parallel R,,,(€ s) be obtained from an R,,,(s), then, 
if j*(s) is an m-Bein in R, e 5), j*(C; 89 ||) is one in R,,(C; 89 || 8) 
a a 
* This condition, under the name of ‘covariant stationiir’, has already been 
used freely in Struik (9) and Schouten-Struik (8)—see, for example, the latter 
work II, 13, (2.12), and 85, (10.32)—but no explicit statement of its charac- 
teristic property as stated in our definition of auto-parallel R,,(s) seemed to 





have been made there. 
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(cf. Theorem 2.3). Since, by continuity, each of ¢, ¢, « defined for 


aba 
any m-Bein along (C) has the same value at every point of (C), 
and j*(s) and j* (C; 89 || 8) coincide at P(s,), the e, e, « defined for 5*(6) 


ab a 
are identical with those for j*(C; 8, ||s) at every point of (C). 
a 


Forming the m-vectors j**~*m(s) and j*-*m(C’; 8, ||s), we shall now 
define the cosine of the angle between R,,(s) and R,,(C; 8 ||s) at P(s) 
by the equation 

cos O(s, 8) = em! jX~Km(8) je re (C3 8q || 8). (3.1) 

We justify this definition by proving the theorem 


THEOREM 3.1. The scalar function of s and s, on the right-hand side 
of (3.1) has the following properties: 

(i) it depends only on R,,,(s) and 8s, but not on the choice of the m-Bein 
j*(s) in R,,(8); 


c 


(ii) as P(s) approaches P(s,), then R,,(s) and R,,(C; 8,\| s) approach 
each in and the scalar function approaches unity; 

(iii) it reduces to the cosine of the angle between two vectors when 
m=lI, 


To prove (i), let ’ j *(s) be another m-Bein in R,,(s) and let ’e, ’e, ‘e 


oa 


and ‘j*(C; 89 ||s) be slenibedty defined. Then we have 


*iKreKm( CO; So | 8) — "ki~Km( 89). (2.8’) 
From (2.3) and (2.5) it follows that 
“7 Ki~-Km(8) = A(s) .jkvnKm(s), (3.2) 
where A(s) = +1 is the determinant of the transformation 7'(s) in 
R,,(8) which carries j*(s) into ‘j*(s). Similarly, 
preekm(C; 8 || 8) = A(s) j*-*m(C; 8» || 8), (3.3) 
and wk s) = +1 is the determinant of the transformation 7(s) in 
R,,(C; 8 || 8) which carries j *(C; 89||s) into ‘j*(C;89||s). Since, by 
reference to (2.8) and (2. 8"), Ts ) and 7'(s,) are identical, 


A(s9) = A(s9). 
Thus, by continuity, 
A(s) = A(s) = +1, 
and (i) now follows from (2.4), (3.2), (3.3), and (3.4). 
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We deduce (ii) from (2.8) and the following equalities: 


b, Dm \ 


€ 
em! jx K (80) Irereuctem (80) = -em Amey», JM a 
m! a a 0 
1 m 


€ € ii € 
= Site ee =- Sam €,..€ Sai-tme — 1, 
' 1++-Om n! teeelm t++-Om 
m.: a,b, Guy Ome mm: Pipe a, Ay . 
1+--Om 


Finally, for m = 1, the scalar function becomes 


1 


€ 9*(8)7,(C; 8 || 8) 


11 


which, according to Schouten’s definition,* is the cosine of the angle 
between the vectors j*(s) and j*(C; 8, || 8). 
i 1 


Since cos @ as defined by (3.1) is real and positive but not neces- 
sarily less than 1, @ determined from 


2 4 
cos @ = 19 Pte 
21° 4! 


is of the form 2kanta (479 >a SO), 
or Qkatip (B > 0) 
according as cos@ <1 or >1. We shall define +« or +if as the 
angle @ between R,,(s) and R,,(C; 89 ||s) according as cos@ <1 or >1, 
so that when cos@ +1, 6 0 and vice versa, and thus the equation 
.  I—cos@ 1 
lim ——— =- 
cos 6-1 @? 2 
holds. 
We now return to equation (3.1), defining cos 6(s,s,)) and obtain 
a generalization of a formula of Hlavaty’s. If we expand cos 6(s, 89) 
into a Taylor series near P(s,) 
COs 6(8, 8) = COS O(89, 89) + (8 —89){5, COS A(8, 89) fo 
+ 4(8—8»)*{8° cos 8(8, 89) to +... 
and make use of (3.1), cos 0(8, 89) = 1 (cf. Theorem 3.1, (i) ) and 
5, j*Xm(C; 8 || 8) = 0, 
which represents the fact that R,,,(C; 5, || s) is auto-parallel, we have 
cos 6(8, 89) = 1+(s—s8_)em! ¢ ’; 8 || 8), j*-*m(s)}o+ 
+ 4(8—8)2em! {jie sen (C5 80 || 8)8L27*~Km(s)}o+.... (3.6) 


* Schouten-Struik (8), I. 50. 
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In virtue of (2.8) and 
Hokey (8) 85j°""(8) = 0, 
Heute (8) 9598) = —{B, 58) HB oI c, (8) 
which are obtained by covariant differentiation of 


€ 


? 


J segeoten(8) 98) _ 


n 


equation (3.6) can be written 
cos 0(8, 8) = 1—}(s—sq)?em! {8,j**"(8) }o{S5Iicy cn (S)}o ++ © 


From this and (3.5) it follows that 
lim [eee 


8—s, | S— Spo 


ae ! {5,j*-*(s) }of Ds Jicyuntem) $0 


Putting ds = lim (s—s,), and dropping the zero index, we have 
88, 


| (a0)? __ (0(s-+ds, 8) 
e 


This is the formula we wished to establish. For the particular case 
when m = | and J, is ordinary, it reduces to a formula of Hlavaty’s.* 

The function © of s, defined by (3.7) to within a sign and a constant 
of integration, has the property that its differential dO = (dO/ds) ds 
is equal to the angle between R,,(s+ds) and R,,(C;s||s+ds). We 
shall call © the characteristic angle of R,,(s) along (C) for the reason 
that in an ordinary V, dO/ds = 0 if and only if 6,j*-*= = 0, Le. 
© is constant if and only if R,,(s) is auto-parallel along (C). We 
remark that although the characteristic angle © may not be real, in 
what follows we shall only be concerned with the real quantity 


(dO, ds). 





2 
ne \ ds a em! (8, j%*™)(85 Jic,...nin) |. (3.7) 





* Hlavaty (5), 11, formula (13). 
+ This follows from the fact that, if, in an ordinary V,, an affinor v%-*m 
satisfies the equation 
yXi-Kmy 


ae ee ae ytaKmay Am a 0, (a) 


Ky--Km 
then v**m = 0, To prove this, let P be an arbitrary but fixed point. Then 
we can always find a system of real coordinates £’ for which a” = 8% at P 
(cf. Eisenhart (4), 23). In & and at P, (a) gives 

> (vri---Kin )2 = 0, 
Kh Kin 


which shows that v*i*™ and consequently also v*:-*m vanish at P. 
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4. Frenet formulae for a V,, in a V7 
Let E,,, (my = m) be the tangent space and £,, .n.4..+m, the xth 
osculating space (or osculating space of order x) of a V,, in a V, at 


any point P, where x =1, 2,... and my+m,-+...+m, <n is the 


number of dimensions. Then, since, at P, FE, 4,+..+m, contains £,, , 
Goat En. +m,+..+mz_.» ®nd all the osculating spaces are contained 
in the local R,, of V, at P, there exists at every point of V,, a smallest 
integer k such that the osculating spaces at that point of orders not 
less than k all coincide. If none of the osculating spaces is tangent 
to the null-cone of V,, then, analogous to the principal normals of 
a curve, we have ‘normal spaces’ R,, (7 = , k) of different orders, 
the ath R,,, being the linear space of highest dimensions contained 
in £ and orthogonal to £ . For completeness 


MotM,+...+Mez Mot+M, +... FMNz—1 


we put &,, = £, 


“Me 


The existence of the normal spaces, which we shall assume for the 
rest of this paper, permits us to introduce in R,,, an m,-Bein 
6%, 
Px 
Eee, ee fan Mo+™, + ..-+Me, (4.1) 


Po> o> "o> to 


with «e=i*i, (p, not summed), « = product of e, (4.2) 
Px Pz (x) Px 
where ¢ is the signum of R,,,. 
(x) 


ar 
In terms of i*, the connecting affinor Bs and the induced funda- 
Px 


zx 
mental tensor a 


IzPz 


of R,,, are given by 


x dx x xr xr 
ao tks — RA Re on 
BS, = t,. Oo.n, = Bi, BS.%. (« =9,1 : (4.3) 
dx 
7 0 0 
We note that BS and a,,,, 


and the first fundamental tensor of V,,. 


are respectively the connecting affinor 


* We denote by V,, (m <n) an m-dimensional subspace X,, (or a domain 
of it) of V, whose tangent space is not tangent to the null-cone of V,. If 
V,, is ordinary, this condition is automatically satisfied by every X,,. The 
same remark applies to the conditions required for the establishment of the 
Frenet formulae for a V,, in V,. All the formulae in this section are taken 
from Schouten-Struik (8), IT § 13, except that a few modifications in the use 
of the indices have been made: p,, q,,... in (4.1) and u, v in (4.4). 











ON THE FRENET FORMULAE FOR A J,, IN A JV, 155 


y 


m? 


7,» not as a single V,,, but as a member of 
coo"-™ V’s so that there is always one and only one of these V,,’s 
passing through each point of V,, then the D-symbols of van der 
Waerden and Bortolotti can be applied to this case and we have, 


among others, the Frenet formulae for the JV, in V,, 


If we consider the V. 


m 


z+1 


D,, Bi, “a —H;S +e 4 


0 ei (2 = 0, 1,..., B), (4.4) 
-* — H: -K — 0 


To-Wo ? Tok 


z+1 

where H;,,* with the indices ro, q,, « lying respectively in R,,, R,,,, 

R,,,., 18 called the ‘(a+-1)th curvature affinor of V,,, with respect to 
x x zr+1 

V,’. We remark that the affinors BS, a,,,., H;,,* are independent 


eS ” 


of the choice of the m,-Beins i* in R,,, and that the Frenet formulae 


Pz 
(4.4) hold in a domain of V,, throughout which the integers k, m,, 


Mg,..., m, remain of the same values. 


u 
If we define the vectors v,, in V,, by 
‘ 


u u u 0 u v 
7) See ee Rca us < — ‘ 
v,, = 1, D,,i* = —i*D,,1, = Bei, Vi +», 
v v v v u 


u,v =1, 2,..., My+m,+...+m,), (4.5 
0 1 k 


then aan see 


H 


_ Pe 
» a ae K 
Tole v,, % lay 
Dz te+1 
xr+1 Pz txr+1 
oa a. an : ;K - 
ie eR ae j (4.6) 
tr+1 Pz 


and the Frenet formulae (4.4) with the exception of the first one can 
be written 
te+1 te &- 
D,,i* = v,, *+0,,1*+ t 1 yond (4.7) 
Wz Qz tz+1 x te Gz tze-1 
° . tk 
where it is to be noted that v,, = 0. 
de 
z+1 2x+1 
5. Geometric interpretation of the affinors H; \“H fF 
Let ix be the tangent vector of a curve (C) in V,,. At each point 
of (C) there is defined an R,,, (m’ = m,+-m,,,+-...+My423 0 Sy, 2% 
yt+z<k),* which is composed of the yth, (y+1)th,..., (y+2)th 


* By taking all the possible values of the integers y and z satisfying these 
two inequalities, we have }(k+1)(k+2) different R,,’s. 
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normal spaces R,,, Ry, ..5---» Rm,,, OF V,,, and therefore spanned by 

the m’-Bein i*, i*,..., i*. Omitting for simplicity most of the indices 
Py Dy “1 Py+z 

we suppose that in the m’-vector 


G Xian? ae NSF 2. 6 21s B cee Sm, (5.1) 
eee” Season ae 


My My +1 My +2 


which represents the #,,,, the i*’s are arranged in the natural order 


m’? 
of their subscripts* so that the first m, are the vectors i*, the next 
Py 
M+, are the vectors i“, ete. 
Py+1 
Let ©,,.) be the characteristic angle of R,,, along (C), and note 
that 6, = iD, , then we have from (3.7) 


(dQ .,,.)\* 
y2) . '\I (gr | KiveeK ym’) (7D : 
=€ € we € (mm)! (8D, t%—w)(greD 4 ), 
| ds | (vy) (v+1)— (y+2) ™ ere ) 
where e«, are respectively the signa of R,,, R,, 
(y) (y+1) (y+2) ; 4 . ” 


R,,,,.,. Differentiating i*-*»’ covariantly along (C), we get 


my 


iP D,,i8Km! = Sal (MD, i) i God eae i, hel 
q’ 


q seni pies 
Yee ee «Mga My +z 
My 


+ > i ...0 6...(0D,, 4 jet a 
dy+1 My ‘ dy+1 
My +1 


me 


$Y MG Fb i (IMD,, i ) iol 
dy +z my My +1 dy +e 
My +2 


(5.3) 


From the Frenet formulae (4.7) and the equation 


0 1 
uD, jx =_ A in). {Pot jroy Poff: K + (5.4) 


ToPo?! 
do do do 


which represents the well-known decomposition of the associate 
curvature vector on the left into its tangential and normal com- 
ponents, it is seen that only the first and the last sums of (5.3) 


* Cf. (4.1). 
+ Equivalent to Schouten-Struik (8), II 85 (10.5«). 
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can survive. In fact, we have according to the values of y and z the 
following three cases: 
* . * ty-1 . 
(y #0) 0D, ikem’ = FS iv, alm... 
dy dy 


ty+2+1 


+> ov, ims 


Wy+z q, — 
. asia My My+1 


te 
= 0; 2 % 0) iD, itn’ = Fav, “is, Se ee ee 


a a: Me 


do 
anys 
m 


1 
(y — z= 0) iD, pkie Km = > ite,..(i” pPo Hy, jhe) oc 
do 





Taking account of (4.2) and the fact that i*, i*,..., «* form an 
; : Py Py+1 Py+z 
m’-Bein, we obtain from (5.5) 


(i*D,., pKimKm’) (7 }Po DD) ) = 1 


= €ooe € 
Dp Vieseeak 7 
Pieuages (m’)!(y) we) 


x{ a (ib, y+ _ @ -« (inc, (5.6) 


ty- 1 dy ¢t y-1l Wy Uy+e ty+2+1 Qyte ly +241 Qy+z 


To express the right-hand member of this equation in terms of the 
affinor H’s, we make use of (4.6), from which we have 


i te eee 2 . 1% \2 
mim He Hide = ED e « (= ED e (me) 


Gx te+1 Gr te+1* Gz te+1 Qe te+1 te+1 


(5.7) 


Hence from (3.2), (3.6), and (3.7) follow our final formulae which 
it is the purpose of this note to establish 





“Oyo? _ y ytet+1l ytetl 


= (H; Hj At my H;,\,)imiv» —— 





0 
Because H; ;* = 0, these formulae also hold for the cases when 
y = 0, as is readily verified by applying the same process to (5.5’) 
and (5.5"). When y = 0, the R,,, becomes the zth osculating space; 
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when y = z= 0, R,, becomes the tangent space. For these two 
cases, we have respectively 


(400.2 
j 


LS 2+1 z+1 
= iiPe H- x* A A 


Po.K |? 


2 1 Ls 
— jrejp ff. x AT-A * 
= 1 eA 


Formulae (5.8’) furnish a geometric interpretation of the affinors 
+1 2+1 d » 
- -K . 
H- :* i. <,, of ¥,,. 


As a consequence of (5.8) and (5.8’) we find the following interest- 
ing equation 


{dQ v,.)\” we (AQ oy-»\* 
| ds | | ds fj 


(dOvoy. 2) 2 
J 


+a (5.9) 


For a curve, m, = m, = ... = 1, andf 
2 + the ; , 
Hi, «= « ty, ne, g* om §*, 
Therefore (5.8) and (5.8’) become respectively 
d©),,,.))? a a - 
¢ | = <( e K+ (5.10) 
ds y\y-ly 
AOo,\* . K Voy 
eo | =€ € 1. (5.10’) 
ds 0 2+12+1 
When J, is ordinary, (5.10) with z = 0 and (5.10’) are identical with 
(1.3) and (1.2) respectively. 


6. Some further consequences 
(i) Since the scalar function on the right-hand side of (5.8) depends 
only on the direction of (C) at the point P considered and is the 
same for all curves tangent to (C) at that point, the same must also 
be true of (d@,,,)/ds)?. 
If 7” (a = 1,..., m) is an m-Bein in the tangent space R,, = £, 
a 


of JV, 


m? 


then the fundamental tensor of V,, is 


a a 


arePo — > ¢ i" (Po, == §<§. = i 6 
0 aaaa a a a 


,, (@ not summed). 
oO 

* Another geometric meaning of the invariant on the right-hand side has 
been obtained by Davies (1), the last formula. 

+ Schouten-Struik (8), IT 120 (13.24). 
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Hence it follows from (5.8) that 





2 +2+1 
>a = Hj «He et A kK "HA. (6.1) 
a VS ‘ i 





where s denotes the arc-length of a curve in JV, tangent to 7” at P. 
a a 


This equation shows that the left-hand member of (6.1) is indepen- 
dent of the choice of the m-Bein 7” in R,,,. 


a 
(ii) Putting z = 0 in (5.8) we have 
(dO 2 I] H = 4 
tae | = (Ani Batet x" H\,irim, sat 
where ©, is the characteristic angle of the yth normal space R,,, 
along (C). Let the y in (6.2) assume the values 0, 1,..., k. Adding 
and subtracting the results alternately and remembering that 


0 k+1 
H, ;* = H; ;* = 0, we get the — generalization of Lancret’s 


formula* —— ss 
| 2,' —1) ee} = 0 |. (6.3) 


which holds for any curve in Y,. 
(iii) Multiplying the right-hand side of (5.5’) by the m’-vector 


mM: 
™Mo ™m 
we ee ee 
fignoid Bice nce’ tin 6 8 
and summing each of the indices x,, kg,..-, Kp», we see by reference 
to Theorem 2.4 that the necessary and sufficient conditions for the 


auto-parallelism of the zth osculating space of V,, along (C) are 


Pz+1 
inv, = 0. (6.4) 
dz 
From (4.6), it follows, because of the independence of i* and of i* , 
that these conditions are equivalent to ss — 
in H: -* = 0; (6.4’) 


or, in words: the 2th osculating space of V,, is auto-parallel along (C) 
if and only if the (z+-1)th curvature affinor has no component along (C). 


* Cf. (1.4). 














160 ON THE FRENET FORMULAE FOR A JV, INA JV, 


Since the indices p,,, and q, have m,,, and m, values respectively, 
(6.4) are m,,,m, homogeneous linear equations in the my = m un- 
knowns i”. Therefore, when m > m,,,m,, there exists in V,, at least 
one congruence of curves along each of which the zth osculating 


space of V,, is auto-parallel. This sufficient condition m > m,,,m, 
is, however, not necessary, because the m,,, m, linear equations (6.4) 
are not necessarily independent. 

In order that (6.4’) may be satisfied for all curves in J, 


m? 


we must 
have am 


2+1 
H;* =0 |" ii 


and conversely. These are the conditions necessary and sufficient 
for the auto-parallelism of the zth osculating space over V,,. 

In conclusion I wish to express my thanks to Dr. E. T. Davies for 
his invaluable suggestions during the preparation of this manuscript. 
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